MAS 4105 Solutions for Section 4.3

Question 1: Label the following statements as true or false.
(a). If E' is an elementary matrix, then det(£) = £1.
b). For any A, B € M,«n(F), det(AB) = det(A) det(B).
A matrix M € M, ., (F) is invertible if and only if det(M) = 0.
A matrix M € M,,«,(F) has rank n if and only if det(M) # 0.
For any A € M,,«,(F), det(A") = —det(A).
). The determinant of a square matrix can be evaluated by cofactor expansion along
any column.
(g). Every system of n linear equations in n unknowns can be solved by Cramer’s rule.
(h). Let A = b be the matrix form of a system of n linear equations in n unknowns,
where © = (21, %2, ...,2,)". If det(A) # 0 and if M}, is the n X n matrix obtained from A by
replacing row k of A by b', then the unique solution of Az = b is

(b).
().
(d).
(e).
(

c
e
f

det(M k)
xk—m, k=1,2,...,n.

Xingjian’s Solution:

(a). False. An elementary matrix can come from multiplying one row by a scalar ¢ # 0,
and then its determinant is ¢, not necessarily +1.

(b). True. This is the multiplicative property of determinants: det(AB) = det(A) det(B).

(c). False. A matrix is invertible if and only if its determinant is nonzero, not zero.

(d). True. For an nxn matrix, rank n means full rank, which is equivalent to invertibility,
and hence equivalent to det(M) # 0.

(e). False. The correct identity is det(A*) = det(A), not — det(A).

(f). True. A determinant may be computed by cofactor expansion along any row or any
column.

(g). False. Cramer’s rule applies only when the coefficient matrix has nonzero determi-
nant.

(h). False. In Cramer’s rule, one replaces the column k of A by b, not the row k.
Therefore the statement is incorrect as written.

Question 2: Use Cramer’s rule to solve the system
an i+ apTs = by, U171 + A22T2 = by,
where a11Q922 — A12091 7& 0.

Xingjian’s Solution:
The coefficient matrix is

A= {an Cl12} : bh— [51] .
ag1 (22 by

det(A) = Q11Q922 — Q124921 7é 0.

Its determinant is
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For z1, replace the first column of A by b:

by ai
A = )
! {b2 CL22}
Hence
det(Al) = 51&22 — algbg.
Therefore

. det(Al) o bl(lgg — Cblgbg

~det(A4)  apjag — apag

T

For x5, replace the second column of A by b:

Hence

det(AQ) = aan — blagl.

Therefore
. det(Ag) o CLHbQ — b1a21

To = = .
det(A) a11Q922 — Q12021

Thus the solution is

biage — a2 a11b2 — brag;

Tr = T —

)
a11022 — Q12021

11022 — Q12021

Question 3: Use Cramer’s rule to solve
21’1 + T9 — 3%3 = 5,
r1 — 2.1'2 + x3 = 10,

3LU1 -+ 4%2 — 233‘3 =0.

Xingjian’s Solution:
The coefficient matrix and right-hand side vector are

2 1 -3 5
A=1|1 =2 1|, b=[10
3 4 -2 0

First compute
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Expanding along the first row,
1 —2'

-2 1 11
det(A)—2’4 _2‘—1‘3 _2‘+(—3)‘3 4

Thus
det(A) =2(4—4)—1(-2-3)+(-3)(4+6) =0+5—30 = —25.

Now compute Aq, As, As.

For x4,
5 1 =3
A= 10 =2 1
0 4 =2
Then

-2 1 10 1 10 -2
det(Al):5‘4 2’—1’0 _2’+(—3)’0 4‘.

So
det(A;) =5(4 —4) — 1(—20) + (—3)(40) = 20 — 120 = —100.
Hence
det(A;) —100
Ir = = = 4.
det(A) —25
For z, )
2 5 =3
A, = (1 10 1
3 0 =2
Then
10 1 1 1 1 10
watay=2]® Lol Lyt 1)
Thus
det(Ay) = 2(—20) — 5(=5) + (—3)(—30) = —40 + 25 + 90 = 75.
Hence det( A -
Ty = et(4s) = = —3.
det(A)  —25
For x5,
2 1 5
As =11 —2 10
3 4 0
Then
-2 10 1 10 1 =2
aatag=2| 2 9l 1l 2
So
= —-80+30+50=0.

det(A3) =2(0 —40) — 1(0 —30) + 5(4 +6) =
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Hence dot( A 0
t
xr3 = et(4s) = =0.
det(A)  —25
Therefore,
T = 47 To = _37 T3 = 0.
Question 4: Use Cramer’s rule to solve
21’1 + T9 — 3$3 = 1,
1 — 229 + w3 = 0,
33171 + 4[1/’2 - 2[[‘3 = —5.
Xingjian’s Solution:
The coefficient matrix is the same as in Question 3:
2 1 -3 1
A=1|1 =2 1], b=10
3 4 =2 -5
We already know
det(A) = —25
For x4,
1 1 -3
A=]10 -2 1
-5 4 =2
Then
-2 1 0 1 0 -2
N Y IT A P TR
Hence
det(A;) =1(4—4) — 1(0— (=5)) + (=3)(0 — 10) = =5+ 30 = 25.
50 det(A 25
T = et(A1) = = —1.
det(A) —25
For x-, )
2 1 =3
Ay =11 0 1
3 =5 -2
Then
0 1 1 1 10
wina=2] % Ll el o
Thus

det(As) = 2(5) — 1(=5) + (=3)(=5) = 10 + 5 + 15 = 30.



MAS 4105

So

For x5,

Then

Hence

So

Therefore,
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det(Ay) 30 6

T et(A) T —25 5
2 1 1
A3: 1 —2 O
3 4 -5
2 0 1 0 1 -2
=2 2 O i) 2l |

det(Az) = 2(10) — 1(=5) 4+ 1(4 + 6) = 20 + 5 + 10 = 35.

det(A;) 35 7
T3 = = =

T odet(4) T =25 5

6 7
T :—1, To = ——, .%3:—5.

5

Question 5: Use Cramer’s rule to solve

r1 — X2 +41‘3 = —4,

—81131 + 333‘2 +x3 = 8,

2£C1—£C2+$3:0.

Xingjian’s Solution:

Here

Compute

Expanding along the first row,

Thus

1 -1 4 —4
2 —-11 0
1 -1 4
det(A) =[-8 3 1|.
2 —-11
3 1 -8 1

-8 3
n=1[% Y=o el 2

det(A) =13+1)+1(—-8—-2)+4(8—-6)=4—-10+8 = 2.
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For x4,

Then

So

Hence

For x5,

Then

Hence

So

For x3,

Then

Thus

So

Therefore,
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-4 -1 4
Alz 8 3 ].
0 -1 1
3 1 8 1 8 3
dotan =13 ot At 2]

det(A;) = —4(4) + 1(8) + 4(—8) = —16 + 8 — 32 = —40.

det(Al) —40
T get(A) T2 0
1 —4 4
A, =[-8 8 1
2 0 1
8 1 -8 1 -8 8
datny =1} ool S Yaal 2 Y

det(As) = 8 + 4(—10) + 4(—16) = 8 — 40 — 64 = —96.

B det(Ag) . —96 .
L= @) - 2
1 -1 —4
Ay=|-8 3 8
2 1 0
3 8 8 8 8 3
oty 1] Y-l Yool 2

det(Az) =8+ 16+ (—4)(8 — 6) = 8 + 16 — 8 = 16.

T det(A) 2

xs3

T, = —207 T2 = —487 T3 = 8.

Question 6: Use Cramer’s rule to solve

r1 — X2 —|—4ZL‘3 = —2,
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—811 + 31’2 +ZE3 = 07
2331 — Zo + X3 = 6.

Xingjian’s Solution:

Again,
1 -1 4 -2
A=1|-8 3 1}, b=10
2 —-11 6
From Question 5,
det(A) =2
For x4,
-2 -1 4
Ai=10 3 1
6 —1 1
Then
3 1 01 0 3
aatay=—2| | -cof Yeaft 3|
Hence
det(A;) = —2(4)+ 1(0—6) +4(0 —18) = -8 — 6 — 72 = —86.
o det(A;)  —86
(S 1 —
7 qet(A) T 2 s
For x,,
1 -2 4
Ay=1-8 0 1
2 6 1
Then
01 -8 1 -8 0
R L IR
Thus
det(Ay) = —6 4 2(—10) + 4(—48) = —6 — 20 — 192 = —218.
50 det(Ay) 218
€ 2 —
= () 2 09
For z3,
1 -1 =2
A3=1-8 3 0
2 -1 6
Then
3 0 -8 0 -8 3
det(A3) = 1‘ 1 6‘ (—1)’ 5 6‘ + (—2)‘ 5 _1‘.
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Hence
det(A3) =18 —48 + (—2)(8 —6) = 18 —48 — 4 = —34.
50 det(4y)  —34
(¢ 3 —
T Ge(A) 2 7
Therefore,

T = —43, Tog = —109, T3 = —17.

Question 7:Use Cramer’s rule to solve
3I1+Z‘2+l’3 :4,
—2£C1 — X9 = 12,
T+ 21’2 +x3 = —8.

Xingjian’s Solution:

Here
3 1 1 4
A=|-2 -1 0], b= |12
1 2 1 —8
Compute
3 1 1
det(A)=|-2 -1 0
1 2 1

Expanding along the first row,

-1 0 -2 0 -2 -1
=3 Y152 a2 5
Thus
det(A) =3(—-1) —1(-2)+1(-4+1)=-3+2—-3=—4.
For x4, )
4 1 1
Ai=112 -1 0
-8 2 1
Then
-1 0 12 0 12 -1
datm 1[5 |2 9 a2 )
Hence
det(A;) =4(—-1)—12+ (24 —-8)=—-4—-12+16 = 0.
So

~det(4) -4 7

T
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For x-, )
3 4 1
Ay=1-2 12 0
|1 =81
Then
12 0 -2 0 -2 12
aaay=s|'2 Y a2 9 a2 17|
Thus
det(Ag) =36 —4(—2) + (16 — 12) = 36 + 8 + 4 = 48.
50 det(As) 48
Cl{ A2
= =— =-12.
27 qet(A) T —4
For x5,
3 1 4
As= -2 —1 12
1 2 =8
Then
-1 12 -2 12 -2 —1
R R )
Hence
det(A3) =3(8—24) —1(16 — 12) +4(—4+ 1) = —48 — 4 — 12 = —64.
%0 det(As)  —64
et 3 —
s det(A) —4
Therefore,

T = 0, Lo = —]_2, T3 = 16.

Question 9:Prove that an upper triangular n x n matrix is invertible if and only if all
its diagonal entries are nonzero.
Xingjian’s Solution:

Let
U1 U2 Uin
0 ua Uon,
U= ]
0 0 Unn,

be an upper triangular matrix.
For an upper triangular matrix, the determinant is the product of the diagonal entries:

det(U) = U11U22 * * " Upnp-
Now U is invertible if and only if det(U) # 0. Therefore,

U is invertible <= ujjugs - - Up, # 0.
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A product of scalars is nonzero if and only if each factor is nonzero. Hence
U is invertible <= wuy; # 0, uge #0, ..., Uy, # 0.

Therefore, an upper triangular n X n matrix is invertible if and only if all of its diagonal
entries are nonzero. O

Question 10: A matrix M € M,,(C) is called nilpotent if, for some positive integer k,
M* = O, where O is the n x n zero matrix. Prove that if M is nilpotent, then det(M) = 0.

Xingjian’s Solution:

Assume that M is nilpotent. Then there exists a positive integer k such that M* = O.

Taking determinants on both sides gives det(M*) = det(O).

Using the multiplicative property of determinants,

det(M*) = (det(M))".

Also, det(O) = 0. Hence (det(M))k
itself, it follows that det(M) = 0.

Therefore every nilpotent matrix has determinant zero. O

= 0. Since the only scalar whose kth power is 0 is 0

Question 12: A matrix Q € M, «,(R) is called orthogonal if QQ' = I. Prove that if
@ is orthogonal, then det(Q) = +1.

Xingjian’s Solution:

Suppose @ is orthogonal, so QQ' = I. Taking determinants on both sides gives det(QQ") =
det(I).

Using the product rule for determinants, det(Q) det(Q") = 1.

Since the determinant of a transpose equals the determinant of the matrix, det(Q") =

det(Q).
Therefore, det(Q)? = 1. Hence det(Q) = +1.
Thus every orthogonal matrix has determinant either 1 or —1. O
Question 14: Let § = {uy,us,...,u,} be a subset of F™ containing n distinct vectors,

and let B € M, (F) be the matrix having u; as column j. Prove that / is a basis for F"
if and only if det(B) # 0.

Xingjian’s Solution:

Proof. Let
| |

B=\|u uy -+ wuy,
. |

The set [ is a basis for F™ if and only if the vectors {uy,...,u,} are linearly independent.
A standard result states that a square matrix is invertible if and only if its columns are
linearly independent, and this is equivalent to its determinant being nonzero. Therefore,

B is a basis for F" <= B is invertible <= det(B) # 0.
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Question 15: Prove that if A, B € M, (F) are similar, then det(A) = det(B).
Xingjian’s Solution:

Proof. Since A and B are similar, there exists an invertible matrix P such that B = P~1AP.
Taking determinants,
det(B) = det(P 'AP).

Using multiplicativity,
det(B) = det(P ') det(A) det(P).

Since det(P~!) = , we obtain

1

det(P)
det(B) = det(A).

O

Question 17: Let A, B € M, ,(F) be such that AB = —BA. Prove that if n is odd
and F is not of characteristic two, then A or B is not invertible.
Xingjian’s Solution:

Proof. Assume both A and B are invertible. Taking determinants of AB = —BA, we get
det(AB) = det(—BA).
Using properties of determinants,
det(AB) = det(A) det(B),

and
det(—BA) = det(—1)det(BA) = (—1)" det(B) det(A).

Thus,
det(A) det(B) = (—1)" det(A) det(B).

Since n is odd, (—1)" = —1, so
det(A) det(B) = —det(A) det(B).

Hence,
2det(A)det(B) = 0.

Since the field is not of characteristic two, 2 # 0, so
det(A) det(B) = 0.
Thus at least one of det(A) or det(B) is zero, so at least one of A or B is not invertible. [J
Question 20: Suppose that M € M, ,(F) can be written as
A B
=0 1),

where A is a square matrix. Prove that det(M) = det(A).
Xingjian’s Solution:
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Proof. The matrix M is block upper triangular. Its diagonal entries consist of the diagonal
entries of A together with those of the identity matrix 1.
Thus,
det(M) = det(A) - det(I).

Since det(I) = 1, we conclude
det(M) = det(A).

Question 21: Suppose that M € M, ,(F') can be written as

A B
v=(5 e,
where A and C' are square matrices. Prove that det(M) = det(A) det(C).
Xingjian’s Solution:

Proof. The matrix M is block upper triangular. Its diagonal entries consist of those of A
and C'. Therefore,
det(M) = det(A) det(C).
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