MAS 4105 Solutions for Section 3.4

Xingjian comment:Reduced Row Echelon Form (RREF):

Leading 1 (pivot) in each nonzero row

Each pivot is the only nonzero entry in its column

Pivots move to the right as you go down

All zero rows are at the bottom

Question 1: Label the following statements as true or false.

(a). If (A’|b) is obtained from (A|b) by a finite sequence of elementary column operations,
then the systems Az = b and A’x =/ are equivalent.

(b). If (A’|b) is obtained from (A|b) by a finite sequence of elementary row operations,
then the systems Ax = b and A’z = I/ are equivalent.

(c). If Ais an n x n matrix with rank n, then the reduced row echelon form of A is I,,.

(d). Any matrix can be put in reduced row echelon form by means of a finite sequence
of elementary row operations.

(e). If (A]b) is in reduced row echelon form, then the system Az = b is consistent.

(f). Let Az = b be a system of m linear equations in n unknowns for which the augmented
matrix is in reduced row echelon form. If this system is consistent, then the dimension of
the solution set of Az = 0 is n — r, where r equals the number of nonzero rows in A.

(g). If a matrix A is transformed by elementary row operations into a matrix A’ in
reduced row echelon form, then the number of nonzero rows in A’ equals the rank of A.

Xingjian’s Solution:

(a)

False. Elementary column operations change the coefficient matrix in a way that gen-
erally changes the variables, so the original system and the new one are not necessarily
equivalent.

True. Elementary row operations preserve the solution set of the system, so the two
systems are equivalent.

True. If A is an n x n matrix with rank n, then A has a pivot in every row and every
column, so its reduced row echelon form must be I,,.

True. Every matrix can be transformed into reduced row echelon form by a finite
sequence of elementary row operations.

False. An augmented matrix may be in reduced row echelon form and still be incon-
sistent, for example if it contains a row of the form

(0 -+ 0]1).

True. If the system is consistent and the augmented matrix is in reduced row echelon
form, then r is the number of pivot variables. Hence there are n — r free variables, so
the dimension of the solution set of Ax =0isn —r.

True. Rank is invariant under elementary row operations, and in reduced row echelon
form the rank equals the number of nonzero rows. Therefore the number of nonzero
rows in A’ equals rank(A).
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Question 2: Use Gaussian elimination to solve the following systems of linear equations.

(a).

Solutions for Section 3.4

.T1+2.T2—£L'3:—1
2$1+2$2+{E3:1
31’1"‘51’2—21’3 =—1

Xingjian’s Solution:

12 -11-1 R2—2R1, R R
(Ap)= |2 2 1| 1 | Bdn
35 —2|-1
woam [102 1= T
TR 9 3|3 | Yo
1 1

00 —i|1 0
Back-substitution gives: x3 = —1, x5 =0, x;= -2

(b).

(xla To, ZL’3) = (_Qa 07 _]-)

Ty — 229 — 23 =1
201 — 3x9+ 23 =206
3r; —bxe =7
1 +95x3=9

Xingjian’s Solution:

(Aly) =

1 -2 —-1]|1 1 -2
2 _3 1 6 R2—2R;1, R3—3R1, R4— Ry 0 1
3 -5 0|7 — 0 1
1 0 5 19 0 2

1
0
0

2

2
-2
-1

—1

-2 3

0

—1

3
3
6

1

QO > =~

—1] -1
3

3
1|2
-1
3
-1

R3—Ra2, R4y—2Rs
by

o O O

Thus the system has infinitely many solutions. Let x3 = t. Then from the second row,

$2+3$3:4 — .172:4—3t,

and from the first row,

Therefore,

(1,29, x3) = (9 — bt, 4 —3t, t),

te R

T+ 229 + 224 =6

3r1 + d5x9 — x5+ 614 = 17
201 + 4z + 13 + 2004 = 12
200 — Txg + 1lesa =7

-1

S O W

S O = =



MAS 4105 Solutions for Section 3.4

Xingjian’s Solution:

1 2 1 2 0
3 5 Ry=3R1, Ry=2f, Ra=2Rs 0 -1 -1
(Afp) = 2 4 o 0 1 =2
2 0 —7 11 0 —4 -7 7
1 2 1 2 0 2|6
Ra—4ft O — 0 —1 Ra+3s 0O -1 -1 0 |-1
-210 0O 0 1 =2[0
—3 7| —1 0O 0 0 1 |-1
Back-substitution gives
Ty = —1, T3 = —2, Ty = 3, T =2
(xla T, X3, 1’4) = (2? 3a _27 _1)
ZL‘1—172—2ZL‘3+35L‘4: -7
(@) 211 — 29 + 623 + 634 = —2
") =221 4+ 29 — 43 — 32, =0
3I1 — 21‘2 + 9.733 + 1OLL’4 =-5
Xingjian’s Solution:
1 -1 =2 3 |7 1 -1 -2
_ 2 —=1 6 6 |—2 | Ry—2Ry,Rs+2R,Rs—3R;, | O 1 10
A= 25 1 4 3]0 — 0 -1 -8
3 =2 9 10]|-5 0 1 15
1 -1 =2 3| -7 1 -1 -2 3
R3+R2,_>R4—R2 0O 1 10 0] 12 2R4_%>R3 0O 1 10 0
0O 0 2 3|-2 0O 0 2 3
0O 0 5 1] 4 0O 0 0 -—13
Hence z, = —%. From the third row,
54 14
203+ 314 = -2 @ — 2%3—1—3:—2 x?’—ﬁ'
From the second row,
140 16

From the first row,
ZL’1-$2-2£L’3+31‘4: -7

-7
12
—14
16



MAS 4105 Solutions for Section 3.4

0 16 s T
B 1313 13 13

Therefore,

7 16 14 18
137137137 13)°

(x17 To, X3, I‘4) - (

—dxy —x3+ x4 =3
(e). < 2x1 —8xo+ a3 — 4wy =9
—x1 +4x9 — 225 + Hry = —6
Xingjian’s Solution:

1 -4
(Ap)=| 2 -8
1 4 ]
e I B I O I e S SRR E:
i 0 0 3 —6|3 N 00 1 -2|1
0 0 -3 6 |-3 00 0 010

Let 9 = s, x4 = t. Then from the second row, z3 —2x, =1 — 23 =1+ 2t. From
the first row,
X1 —4$2—l‘3+$4:3

SO
x1=34+4s+x3—x,=3+4s+(1+2t)—t=4+4s+t.
Therefore,
(x1, 29,23, 04) = (4 +4s+1t, s, 1 +2t, t), s,t € R.
$1+2[E2—CL’3+31’4:2
(f) 2x1 + 41‘2 —x3+6x4=0>5
To+ 224 = 3
Xingjian’s Solution:
1 2 -1 3|2 1 2 -1 3|2 1 2 -1 3|2
Ab)=12 4 -1 6|5 ™2 oo 1 ofr|™*|o1 0 2|3
01 0 2|3 01 0 2|3 00 1 0f1
Let x4 =t. Then x3 =1, xo =3 — 2t. From the first row,
$1+2I2—$3+3I4:2
SO

31 =2-203-20)+1-3t=t—23.



MAS 4105 Solutions for Section 3.4

Therefore,

(x1, 29,3, 24) = (t — 3, 3—2t, 1, 1), t e R.

201 — 229 — x3 4+ 614 — 205 = 1
(8). R o1 — X9 + 23+ 204 — 5 = 2

4xy — 4w + dx3 + T1y — 25 = 6
Xingjian’s Solution:

[2 -2 -1 6 —2]1 1 -1 1 2 —-1]2
Ap)=1]1 -1 1 2 —1|2| "= 192 2 1 6 —2/1
4 -4 5 7 -1/6 4 —4 5 7 —-1/6

1 -1 1 2 —1] 2 ‘ 1 -1 1 2 —1] 2
0 0 -3 2 0|30 0 0 -1 9/|-9
0 0 1 -1 3 |—=2 0 0 1 —1 3 |-2

R>—2R;, R3—4R;
S

1 -1 1 2 -1 2
el g g 91 -9 9
0 0 1 —1 3 |-2

Let 9 = s, x5 = t. Then from the second row, z4 — 925 =9 =— 124, =9+ 9. From
the third row,
$3—$4+35L’5:—2 — l’3:(9+9t)—3t—2:7+6t
From the first row,
xl—x2+x3+2x4—x5=2

SO
x1=2+4+s5—(7T+6t) —2(9+9t) +t =5 — 23 — 23t.

Therefore,

(21, T2, w3, x4, x5) = (s — 23 — 23t, s, 7+ 6t, 9+ 9, 1), s, t € R.

3x1 — X9+ a3 — x4+ 225 =05
T1— Tg — T3z — 204 — Ty = 2

5r1 — 229 + x3 — 314 + 325 = 10
200 — Xy — 24+ x5 =5
Xingjian’s Solution:

(h).

3 -1 1 -1 25 1 -1 -1 -2 —1]2
1 =1 =1 =2 =12 |mor |3 =1 1 -1 2|5
M)=15 5 1 3 30| |5 2 1 -3 3|10
2 -1 0 -2 1|5 2 -1 0 -2 1|5
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1 -1 -1 -2 —-1| 2
Ro—3R1, R;iﬁl, R.—2R; | O 2 4 5 5 | —1
0 3 6 7 810
0 1 2 2 3 1
1 -1 -1 -2 —-1| 2 1 -1 -1 -2 —-1| 2
Ry—2R4,Rs-3Rs | 0 O 0 1 —1|—-3 | Rs—Rs,RoeRs | O 1 2 2 3 1
— 00 0 1 -—1]|-3 — 00 0 1 —1|-3
0 1 2 2 3 1 0O 0 0O 0 010
Let 23 = s, x5 =t. Then from the third row, z, — 25 = -3 =— x4, =1t— 3. From

the second row,
To + 223+ 214 + 3w5 =1

S0
ro=1—-25s—2(t—3)—3t=7—2s— bt.

From the first row,
T1— Tg — T3z — 204 — Ty = 2

thus

Ty =242+ w3 +204+05 =2+ (7T—25s—5t)+s+2(t—3)+t=3—s—2t.

Therefore,

(21,29, 3,24, 25) = (3—5—2t, T— 25 —5t, s, t — 3, 1), s,t € R.

Question 5: Let the reduced row echelon form of A be

10 2 0 -2
01 -5 0 =3
00 0 1 6

Determine A if the first, second, and fourth columns of A are

respectively.
Xingjian’s Solution:
Let the columns of A be denoted by

A= ay a9 as a4 as
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Since the reduced row echelon form of A is

10 2 0 -2
R=[01 -5 0 -3,
00 0 1 6

the pivot columns are columns 1,2,4. Hence the non-pivot columns are linear combinations
of the pivot columns with the same coefficients as in R. Therefore,

as = 2&1 — 5@2, as = —26L1 — 3@2 + 6(14.

Now use the given columns:

1 0 1
ap = —1 s a9 = —1 s ayq = —2
3 1 0
First,
1 0 2 0 2
az=2a1 —5a,=2|—-1]|-5|-1]=|-2|—-|-5] =13
3 1 6 5 1
Next,
1 0 1
as = —2a; —3as+6a,=-2|—-11 —-3|-1]+61[ -2
3 1 0
-2 0 6 4
as=12 |+| 3 | +|-12|=|—-7
—6 -3 0 -9
Thus,
1 0 2 1 4
A=[-1 -1 3 -2 —-7].
3 1 1 0 -9
1 0 2 1 4
A=[-1 -1 3 -2 -—
3 1 1 0 -

Question 7: It can be shown that the vectors
up =(2,-3,1), wy=(1,4,-2), wuz=(-8,12,—-4), wuy=(1,37,—-17), us=(-3,-5,8)

generate R3. Find a subset of {uy,us, us, uy, us} that is a basis for R3.
Xingjian’s Solution:

We seek three linearly independent vectors from the given set.
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First observe that us = (—8,12,—4) = —4(2, —3,1) = —4uy, so ug is linearly dependent
on u;. Hence us cannot be part of a basis together with u;.
Now test the set {uy, us,us}. Form the matrix whose columns are these vectors:

2 1 -3
M=|-3 4 -5
1 -2 8
Its determinant is
4 =5 -3 -5 -3 4
=2, 12 Fcnf Y
Compute each minor:
4 =5
‘_2 . ‘_32—10_22,
-3 =5
‘1 8‘ —24+5=-19,
-3 4
’ 1 —2‘ 6-4=

Thus
det(M) =2(22) — 1(—=19) + (=3)(2) =444+ 19— 6 = 57 # 0.

Therefore uy, us, us are linearly independent.
Since they are three linearly independent vectors in R3, they form a basis for R3.
Hence one possible basis is

{uy, ug,us} = {(2,-3,1), (1,4, -2), (=3, -5,8)}.

Question 9: Let W be the subspace of Ms.o(R) consisting of the symmetric 2 x 2
matrices. The set

G L)) )G L)

generates W. Find a subset of S that is a basis for W.
Xingjian’s Solution:
A general symmetric 2 x 2 matrix has the form

()

so W has dimension 3. Therefore, to find a basis for W, it suffices to find 3 linearly inde-
pendent matrices from S.

Let
0 -1 1 2 2 1
a=(5 ) w03 =)
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We check whether A;, As, A3 are linearly independent.
Suppose
ClAl —+ CQAQ -+ 03A3 =0.

0 =1\, (1 2),. (2 1y _(00
“al1 1 “2{o 3)7%{1 9) " \0 0/

Comparing entries gives

Then

(&) +2Cg = 0,
—C +2CQ +c3 = 0,
C1 —|—302 +903 =0.

From the first equation,
Cy = —203.

Substitute into the second equation:
—c1+2(=2¢3) +e3=0 = —c—-3c3=0 = ¢ =—3cs.
Substitute into the third equation:
(—3c3) +3(—2¢3) +9¢5 =0 = 0=0.

So this choice is dependent. So we should further try other cases.

Now try
0 -1 1 2 1 -2
w=(G) a=(d) e (L)
Suppose
01A1+02A2+64A4:O.
Then

0 -1 n 1 2 N 1 =2y (00
“Al-1 1) 72\23) "%\ 2 4 )" o o)
Comparing entries yields
CQ+C4:O,
—Cl+202—20420,
Cl+302+4C4:O.

From the first equation,
Cqy = —Co.

Substitute into the second equation:

—C1 + 2C2 — 2(—C2) =0 — —C1 + 4C2 =0 — C1 = 462.
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Substitute into the third equation:
deo + 3co + 4(—62) =0 = 3c=0,

SO
CQZO, C4:O, 0120.

Hence Aq, As, A4 are linearly independent.
Since W has dimension 3, these three matrices form a basis of W.
Therefore, one possible basis is

)G (G )y

V = {(x1, 79, 3,24, 75) € R® : 21 — 29 + 313 — 24 + 275 = 0}.

Question 10: Let

(a). Show that S = {(0,1,1,1,0)} is a linearly independent subset of V.

(b). Extend S to a basis for V.

Xingjian’s Solution:

(a) Let v; = (0,1,1,1,0). First we verify that v; € V. Substitute into the defining
equation of V: 0 —2(1) +3(1) — 1+ 2(0) = 0. Thus v; € V.

Since S contains only one nonzero vector, it is automatically linearly independent. There-
fore S ={(0,1,1,1,0)} is a linearly independent subset of V.

(b) We now extend S to a basis for V.
The condition defining V' is 1 — 229 + 323 — x4 + 225 = 0, so

T1 = 2x9 — 3x3 + x4 — 2x5.
Hence every vector in V' has the form
(1,9, T3, T4, T5) = (209 — 33 + x4 — 2x5, To, T3, T4, T3).
Writing this in parametric form,

(21, T2, T3, T4, T5) = 12(2,1,0,0,0) + 23(—3,0,1,0,0) + 24(1,0,0,1,0) + x5(—2,0,0,0, 1).
Thus V' is spanned by (2,1,0,0,0), (-3,0,1,0,0), (1,0,0,1,0), (—2,0,0,0,1). Since
dim(V') = 4, we need 4 linearly independent vectors in total.

We already have v; = (0,1, 1, 1,0). Now choose three additional vectors in V, for example
ve = (2,1,0,0,0), vg = (—3,0,1,0,0), vy =(—2,0,0,0,1).
We check linear independence. Suppose civ; + cav9 + c3v3 + c4v4 = 0. That is,

¢1(0,1,1,1,0) + ¢2(2,1,0,0,0) + c3(—3,0,1,0,0) + ¢4(—2,0,0,0,1) = 0.
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Comparing coordinates gives
202 — 303 — 204 = O,

c1+c=0,c14+c3=0,¢c; =0, ¢y =0. From ¢; =0, we get co = 0 and ¢3 = 0, and also
¢y = 0. Hence the four vectors are linearly independent.
Therefore, a basis for V' extending S is

{(0,1,1,1,0), (2,1,0,0,0), (—3,0,1,0,0), (—2,0,0,0,1)}.

Question 11: Let V be as in Exercise 10.

(a). Show that S = {(1,2,1,0,0)} is a linearly independent subset of V.

(b). Extend S to a basis for V.

Xingjian’s Solution:

(a) Let v; = (1,2,1,0,0). We first verify that v; € V. Substitute into the equation

T1 — 2209 +3x3 — x4+ 225 =0

1-2(2)+3(1)—0+2(0)=1—4+3=0. Thus v; € V.
Since S contains only one nonzero vector, it is linearly independent. Therefore S =
{(1,2,1,0,0)} is a linearly independent subset of V.

(b) As in Question 10, every vector in V' has the form
(21, T2, 3, T4, T5) = 22(2,1,0,0,0) + 23(—3,0,1,0,0) + 24(1,0,0,1,0) + x5(—2,0,0,0, 1).

Hence dim(V') = 4.
We already have v; = (1,2,1,0,0). Now choose three more vectors in V', for example

ve = (2,1,0,0,0), vs = (1,0,0,1,0), vy = (—2,0,0,0,1).

Each of these lies in V.
Now suppose c1v1 4+ covg + c3v3 + c4vy = 0. Then

c1(1,2,1,0,0) + ¢2(2,1,0,0,0) + ¢3(1,0,0,1,0) + ¢4(—2,0,0,0,1) = 0.
Comparing coordinates yields
Cl+202+03—20420,

2c1 +c2=0,c;, =0, c3 =0, ¢y =0. From ¢; = 0, the second equation gives co = 0. Hence
c1 = ¢y = c3 = ¢4 = 0, so the four vectors are linearly independent.
Therefore, a basis for V' extending S is

{(1,2,1,0,0), (2,1,0,0,0), (1,0,0,1,0), (—2,0,0,0,1)} .

Question 12: Let V denote the set of all solutions to the system of linear equations

T1 — Xo + 224 — 325 + 26 = 0,
2I1—[E2—I3+3$4—4£L‘5+4l’6:0.
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(a). Show that S = {(0,—1,0,1,1,0),(1,0,1,1,1,0)} is a linearly independent subset of
V.

(b). Extend S to a basis for V.

Xingjian’s Solution:

(a) Let v; = (0,—1,0,1,1,0),v3 = (1,0,1,1,1,0). We first verify that both vectors belong
to V.

For v; = (0,—1,0,1,1,0), substitute into the equations:

and

Hence v; € V.
For vy = (1,0,1,1,1,0), we compute

Ty — 2o+ 204 —3x5+26=1—-0+2(1)—-3(1)+0=1+2-3=0,
and
21y — Ty — w3+ 314 — dxs + dzg = 2(1) — 0 — 1+ 3(1) —4(1) +4(0) =2 —1+3 —4 = 0.

Hence vy € V.
Now suppose ¢;v1 + cvg = 0. Then ¢;(0,—1,0,1,1,0) +¢2(1,0,1,1,1,0) = 0. Comparing
the first coordinate gives co = 0. Comparing the second coordinate then gives —c; = 0, so

c1 = 0. Therefore v; and vy are linearly independent.
Thus S = {(0,—1,0,1,1,0), (1,0,1,1,1,0)} is a linearly independent subset of V.

(b) We now extend S to a basis for V.
The system is
I —332—|—2.T4—3£175+Z'6:O,
201 — 9 — x3 + 3x4 — 4x5 + 46 = 0.
We solve for x; and x3 in terms of the free variables xq, 24, x5, x¢.

From the first equation,
Tl = Ty — 2274 + 31’5 — Tg-

Substitute this into the second equation:
2(1‘2 - 21’4 + 31’5 - Iﬁ) — X9 — T3+ 31’4 - 4[E5 + 41‘6 = 0.

Simplifying,
1‘2—1'4—|—2£L'5—|—25L‘6—$3:0,

SO
T3 = Xy — Ty + 225 + 2256.
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Hence every vector in V' has the form
(xl,Q:Q,.Tg, Ly, x57x6) = (xQ - 2:64 + 3.1'5 — Tg, T2, T2 — T4 + 21‘5 + 23:67 Ty, Ts, xﬁ)'

Thus
(.21,’1,332,1'3, x4,x5,x6) = -1'2(17 17 17 07 07 O) + .1'4(—2, 07 _17 17 07 0)

+ 25(3,0,2,0,1,0) + z4(—1,0,2,0,0,1).
So dim(V') = 4.
We already have two linearly independent vectors
vy = (0,—1,0,1,1,0), ve = (1,0,1,1,1,0).
Choose two additional vectors in V, for example
vs = (1,1,1,0,0,0), vy =(—1,0,2,0,0,1).
Now suppose
C1U1 + CoUg + C3V3 + C4U4 = 0.
That is,
c1(0,—1,0,1,1,0) + ¢2(1,0,1,1,1,0) + ¢3(1,1,1,0,0,0) + ¢4(—1,0,2,0,0,1) = 0.
Comparing coordinates gives
Co + C3 — C4 = O,
—Cy + C3 = 0,
Co +c3+2¢4 =0,
c1+cp =0,
c1+ cy = 0,
Cy = 0.

From ¢4 = 0, the first and third equations become ¢y + ¢c3 = 0,¢9 + ¢3 = 0. Also, from

—c1 4+ c3 =0, we get c3 = ¢1, and from ¢; + ¢ = 0, we get co = —c¢y. Hence
Co+c3 =—cCc1+ =0.
Thus all relations reduce consistently, and since ¢4 = 0, ¢ = —c¢y, ¢35 = ¢, and using

c1 4+ ¢ = 0, we conclude the only solution is ¢; = ¢; = ¢3 = ¢4 = 0. Therefore vy, vo, v3, V4
are linearly independent.
Hence a basis for V' extending S is

{(0,-1,0,1,1,0), (1,0,1,1,1,0), (1,1,1,0,0,0), (—1,0,2,0,0,1)}.

Question 13: Let V' be as in Exercise 12.
(a).Show that S = {(1,0,1,1,1,0),(0,2,1,1,0,0)} is a linearly independent subset of V.



MAS 4105 Solutions for Section 3.4

(b). Extend S to a basis for V.

Xingjian’s Solution:

(a) Let v; = (1,0,1,1,1,0),v9 = (0,2,1,1,0,0). We verify that both vectors belong to
V.

For v; = (1,0,1,1,1,0), 21 —29+ 224 — 3z5+ 26 = 1 —0+2(1) - 3(1)+0=14+2—-3 = 0,
and

20y —x9 — w3+ 3wy — 45+ 406 =2(1) —0—-1+3(1) —4(1)+0=2—-14+3—-4=0.
SOUlev.
For vy = (0,2,1,1,0,0),
Ty — 2o+ 204 —3x5+26=0—2+2(1)—0+0=0,
and
21‘1—$Q—$3+3$4—4I5+4ZE6:0—2—1+3(1)—0+0:0

So Vo € V.

Now suppose c1v; + covg = 0. Then ¢(1,0,1,1,1,0) + ¢2(0,2,1,1,0,0) = 0. Comparing
the first coordinate gives ¢; = 0. Comparing the second coordinate then gives 2¢co = 0, so
co = 0. Therefore v; and v, are linearly independent.

Thus S = {(1,0,1,1,1,0), (0,2,1,1,0,0)} is a linearly independent subset of V.

(b) As in Question 12, every vector in V' has the form
(xla L2, L3, L4, L5, xﬁ) = x2(17 17 17 07 07 O)+SE’4(—2, 07 _17 17 07 O)+$5(3, 07 27 07 17 O)+x6(_17 07 27 07 07 1)

Hence dim (V') = 4.

We already have v; = (1,0,1,1,1,0), vy = (0,
for example vz = (1,1,1,0,0,0),v4 = (—1,0,2,0,
0. That is,

¢1(1,0,1,1,1,0) 4 ¢2(0,2,1,1,0,0) + ¢5(1,1,1,0,0,0) + ca(—1,0,2,0,0,1) = 0.

,1,0,0). Choose two more vectors in V,

2.1
0, 1). Now suppose c1v1+cova 4303+ 404 =

Comparing coordinates yields
Cl+C3—C4 = O,

2¢co 4+ c3 = 0,
1+ cy+cg+2c =0,
c1+co =0,

c =0,
cqy = 0.

From ¢; = 0 and ¢4 = 0, the first equation gives ¢3 = 0. Then the second equation gives
2co = 0, so ¢ = 0. Therefore ¢; = ¢o = ¢3 = ¢4 = 0, and thus v, v, v3,v4 are linearly
independent.

Hence a basis for V' extending S is

{(1,0,1,1,1,0), (0,2,1,1,0,0), (1,1,1,0,0,0), (=1,0,2,0,0,1)}.
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