MAS 4105 Solutions for Section 3.3

Question 1: Label the following statements as true or false.
(a). Any system of linear equations has at least one solution.
(b). Any system of linear equations has at most one solution.
(c). A homogeneous system of linear equations has at least one solution.
(d). Any system of n linear equations in n unknowns has at most one solution.
(e). Any system of n linear equations in » unknowns has at least one solution.
(f). If the homogeneous system corresponding to a given system has a solution, then the
given system has a solution.
(g). If the coefficient matrix of a homogeneous system in n unknowns is invertible, then
the system has no nonzero solutions.
(h). The solution set of any system of m linear equations in n unknowns is a subspace
of R™.
Xingjian’s Solution:
a). False. A system can be inconsistent.
b). False. A system may have infinitely many solutions.
¢). True. The trivial solution always exists.
d). False. The system may have infinitely many or no solutions.
e). False. The system may be inconsistent.
f). True. The homogeneous system always has the trivial solution, but this does not
guarantee the original system has a solution unless consistent; hence statement is False.
(g). True. If invertible, only the trivial solution exists.
(h). False. Only homogeneous systems have solution sets that are subspaces.
Question 2: For each of the following homogeneous systems, find the dimension and a
basis for the solution set.
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(a) z1 + 322 =0, 221 + 619 =0

Xingjian’s Solution:

The second equation is just twice the first, so there is only one independent equation:
1 = —3xy. Let 9 =t. Then (zq1,29) = (—3t,t) = t(—3,1). So a basis for the solution set is
{(=3,1)}, and the dimension is [1]

(b)$1+$2—$3:0, 41+ x5 — 223 =10
Xingjian’s Solution:

From the first equation, x1 = —x5 + 3.
Substitute into the second: 4(—xzg + x3) + 29 — 223 = 0 25 = %.7)3.
Then z; = —§ZE3 + x3 = %:133. Let x3 = 3t. Then (x1,z9,23) = t(1,2,3). So a basis is

{(1,2,3)}, and the dimension is [1].

(c) 1 + 229 — 23 =0, 201 + 19+ 23 =0

Xingjian’s Solution:

From the first equation, 1 = —2x5 + 3. Substitute into the second: 2(—2zy + x3) +
T9 + v3 = 0 That means zo = x3. Then 1 = —2x3 + 3 = —x3. Let x3 = t. Then
(21,29, 23) = t(—1,1,1). So a basis is {(—1,1,1)}, and the dimension is [1].

(d) 2xy + 29 — 23 =0, T, — Lo+ a3 =0, T, + 229 — 223 =0
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Xingjian’s Solution:

From z; — 9 + 23 = 0, we get 1 = 29 — 3.

Substitute into the first equation: 2(xy — z3) + 29 — x3 = 0 We get xo = z3.

Hence 1 = 29 — 23 = 0.

So every solution has the form (z1,z9,23) = (0,¢,t) =t
equation: 0+ 2t — 2t = 0, so it works. Thus a basis is {(0,1, 1)

(e)

(0,1,1). Check in the third
}, and the dimension is [ 1].

.’L’1—|—2[L'2—3I3—|—ZL'4:O

Xingjian’s Solution:

There is one equation in four variables, so there are three free variables.

Solve for x1: x1 = —2x9 + 3x3 — x4. Let x9 = s,23 = t, 24 = u. Then (21, 29,23, 24) =
(—2s 4 3t — u, s,t,u). Write this as

(21, 29,3, 24) = $(—2,1,0,0) + ¢(3,0,1,0) + u(—1,0,0,1).
So a basis is {(—2,1,0,0),(3,0,1,0),(—1,0,0,1)}, and the dimension is .

(f) x1 + 225 =0, 1 — 29 =0

Xingjian’s Solution:

From the second equation, z; = xs.

Substitute into the first: x9 4+ 229 = 0 That means x5 = 0. Hence z; = 0.

So the only solution is the trivial solution: (0,0). Therefore the solution set has basis ()
and dimension [0].

(g)$1+2$2—|—$3+$4:0, ZE2—$3+I4:0

Xingjian’s Solution:

From the second equation, xo = x3—x4. Substitute into the first: z1+2(x3—x4)+z3+74 =
0 That will give you xy = —3x3 + x4. Let 23 = s, 24 = t. Then

(1, 29,3, 24) = (—=3s+t,s —1,s,t).

Write this as (21, ¥, 3, 24) = s(—3,1,1,0)+¢(1,—1,0,1). Soa basisis {(—3,1,1,0), (1,—1,0,1)},
and the dimension is .
Question 3: Using the results of Exercise 2, find all solutions to the following systems.

(a) Solve
T+ 3%2 = 5,
2x1 + 61‘2 = 10.

Xingjian’s Solution:
First consider the corresponding homogeneous system

T+ 31’2 = O,
2:L’1 + 6%2 = 0.
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Since the second equation is twice the first, this reduces to x; + 3x9 = 0. Let o = t. Then
x1 = —3t. So the homogeneous solution is

(w1, 22) = ¢(=3,1), teR.

Now find a particular solution of the nonhomogeneous system. Again, the second equation
is twice the first, so it is enough to solve xy + 3x5 = 5. Choose x5 = 0. Then x; = 5. Thus
one particular solution is

(271, [L’Q) = (5, O)

Therefore all solutions are

(5131,.1‘2) = (5, 0) + t(—?), 1)7 teR.
(b) Solve

T+ a9 — a3 =1,
4$1—|—ZL‘2—2{L’3:3.

Xingjian’s Solution:
First consider the corresponding homogeneous system

x1+x2—x3:0,
4I1+$2—2$3:0.

Subtract the first equation from the second:
(41‘1 + Ty — 2%3) - (.Tl + Ty — ZE3) = 0,

so 3x1 — x3 = 0, which gives x3 = 3x;.
Substitute into the first equation: x; + 2o — 321 = 0, hence z9 = 2.
Let &1 = t. Then (x1,x9,23) = t(1,2,3). So the homogeneous solution is (z1, z2,z3) =
t(1,2,3),t € R.
Now find a particular solution of the nonhomogeneous system. Choose 3 = 0. Then we
solve
x1+l’2:1, 4I1+JJ2:3.

Subtract the first equation from the second: 3z = 2, so 2y = £. Then 25 = 1 — 2 = 3. Thus

one particular solution is (%, %, ) :

Therefore all solutions are

2 1
(Jfl,l'g,xg) = (g, 5,0) +t(1,2,3), teR.

(c) Solve
$1+21’2—l‘3:3,
2x1—|—x2+x3 = 6.
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Xingjian’s Solution:
First consider the corresponding homogeneous system

I1+2I2—ZE3:0,
21‘1+[E2+l‘3:0.

Add the two equations: 3x1 + 3x5 = 0, s0 £1 = —xs.

Substitute into the first equation: —x9 + 229 — x3 = 0, hence x3 = x».

Let ¥ = t. Then x; = —t,x3 = t. So the homogeneous solution is (xy, s, x3) =
t(—-1,1,1),t e R.

Now find a particular solution of the nonhomogeneous system. Choose x3 = 0. Then

I1+2.’IZ‘2:3, 2$1+I2:6.

Multiply the first equation by 2:
2x1 + 4]72 = 6.

Subtract the second equation:
3%2 = 0,

so £ = 0. Then xy = 3. Thus one particular solution is (3,0, 0).
Therefore all solutions are (z1,x9,x3) = (3,0,0) +¢t(—1,1,1), teR.

(d) Solve

201 + 190 — T3 = 5,

xy — Ty + a3 = 1,

T1 + 229 — 2253 = 4.
Xingjian’s Solution:
First consider the corresponding homogeneous system

201 +x9 — 23 =0,
1’1—$2+ZE3:0,
:1:1+2x2—2x3:().

Add the first two equations: 3z, = 0, so 1 = 0. Then the second equation becomes —xy +
r3 = 0, hence x3 = x5.

Let xo = t. Then z; = 0,23 = t. So the homogeneous solution is (z1,xs,x3) =
t(0,1,1), teR.

Now find a particular solution of the nonhomogeneous system

2x1+x2—x3:5,
Jfl—ZEQ—i‘Ig:l,
ZL‘1—|—2£L'2—2173:4.
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Add the first two equations: 3z; = 6, so x1 = 2. Substitute into the second equation:
2 — ) + xr3 = 17

hence x5 = x4 — 1.

Substitute z; = 2 into the third equation: 2 + 2x5 — 223 = 4, so x5 — x3 = 1, which is
the same relation. Choose x5 = 1. Then x5 = 0.

Thus one particular solution is (2,1, 0).

Therefore all solutions are (z1, xq,x3) = (2,1,0) +¢(0,1, 1), teR.

(e) Solve
ZE1—|—2ZL‘2—3[L'3+$4 =1.
Xingjian’s Solution:

First consider the corresponding homogeneous system

SL’1+2$2—3$3+1’4:0.

Solve for x1: 1 = —2x5 + 313 — 4.
Let x9 = s,23=t, x4 = 7. Then 1 = —2s + 3t —r.
Hence

(1, 29, 3, 24) = 5(—2,1,0,0) + ¢(3,0,1,0) +r(—1,0,0,1).

So the homogeneous solution set is spanned by
(—2,1,0,0), (3,0,1,0), (—1,0,0,1).
Now find a particular solution of the nonhomogeneous equation
r1+ 209 —3x3+ x4 = 1.

Choose x5 = x3 = 24 = 0. Then 1 = 1. Thus one particular solution is (1, 0,0, 0).
Therefore all solutions are

(xla X2, T3, $4) = (L 07 07 0) + S<_27 L 07 O) + t(ga 07 1a O) + T(_la Oa Oa 1)7 T, 37t eR.
(f) Solve

T1 — T2 = —1.

{131 + 2.T2 = 5,

Xingjian’s Solution:
First consider the corresponding homogeneous system

1 + 229 = 0,
$1—[L'2:O.

Subtract the second equation from the first: 3z9 = 0, so x5 = 0. Then xz; = 0. Thus the
homogeneous system has only the trivial solution: (z1,z2) = (0,0).
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Now solve the nonhomogeneous system

T1 — T2 = —1.

{513'1 —+ 21'2 = 5,

Subtract the second equation from the first: 3z9 = 6, so x5 = 2.
Then from x1 — 29 = —1, 1 — 2 = —1, hence z; = 1.
Thus a particular solution is (1,2).
Since the homogeneous solution is only the zero vector, the unique solution is

(x1,22) = (1,2).
(g) Solve

ZL‘1+2[L’2+1’3—|—ZE4:1,
$2—$3+$4:1.

Xingjian’s Solution:
First consider the corresponding homogeneous system

{x1+2x2+x3+x4—0,

$2—1’3+I4:0.

From the second equation, xo = x3 — x4.
Substitute into the first equation: x; 4+ 2(z3 — x4) + 23 + x4 = 0, so

T1+ 3x3 — x4 =0.

Hence x1 = —3x3 + x4.
Let x3=s,24 =t. Then xo = s —t,x1 = —3s +t. So

(1, 9, x3,4) = 5(—3,1,1,0) + £(1,—1,0,1).

Thus the homogeneous solution is (1, xe, x3,z4) = s(—3,1,1,0) + ¢(1,—1,0,1), s,t € R.
Now find a particular solution of the nonhomogeneous system

{x1+2x2+x3+x4—1,

To — X3+ Xy = 1.
Choose 3 = 0 and x4 = 0. Then the second equation gives zo, = 1. Substitute into the first
equation: x; +2 =1, so 1 = —1. Thus one particular solution is (-1, 1,0,0).
Therefore all solutions are

(1, 29,3, 24) = (—1,1,0,0) + s(=3,1,1,0) + ¢t(1,—1,0, 1), s,t € R.

Question 4: For each system with invertible coefficient matrix A,
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(1) Compute A1,
(2) Use A~! to solve the system.

(a)
ZL‘1+3.CE2:4, 2931—1—53:2:3

By el

det(A) =5—6 = —1.
A7 = —il [—52 _13] - [_25 —31] ‘
e[ - )

LE1+2$2—$3:5, $1+I2+$3:1, 2$1—2$2+ZE3:4

Xingjian’s Solution:

Then

(b)

Xingjian’s Solution:

1 2 -1 5
A=1{1 1 1], b= |1
2 —2 1 4

1 -2 1
At=1-1 3 -1
1 -1 0
Then
1 -2 1 5 5—2+4 7
r=A"'%=|-1 3 —=1||1|=|-5+3—-4|=|-6
1 -1 0 4 5—1 4
Question 8: Let T : R?* — R3 be defined by

T(a,b,c) = (a+0b, b—2c, a+ 2c).

For each vector v € R?, determine whether v € R(T).

(a) v=(1,3,-2)
Xingjian’s Solution:
To determine whether v € R(T'), we must decide whether there exist a, b, ¢ € R such that

T(a,b,c) = (1,3,-2).
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This gives the system

a+b=1,
b—2c=3,
a—+2c=-2.
From the first equation,
a=1-—b.

Substitute this into the third equation:
1—b+2c= -2,
SO
—b+ 2c = —-3.

Equivalently,
b—2c=3.

But this is exactly the second equation, so the system is consistent.
Now choose ¢ = 0. Then from b — 2¢ = 3, we get

b=3.

Then from a + b = 1, we obtain
a=1-3=-2

Thus
T(-2,3,0) = (1,3,-2).

Therefore, (1,3,—-2) € R(T).

(b) v=1(2,1,1)
Xingjian’s Solution: We must determine whether there exist a, b, c € R such that

T(a,b,c) =(2,1,1).

This gives the system

a+b=2,
b—2c=1,
a—+2c=1.

From the first equation, a = 2 — b.
Substitute this into the third equation:

2—b+2c=1,

SO
—b4+2¢c=—1.
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Equivalently,
b—2c=1.

This is exactly the second equation, so the system is consistent.
Choose ¢ = 0. Then from b — 2¢c = 1, we get

b=1.
Then from a + b = 2, we obtain
a=1.
Thus
T(1,1,0) = (2,1,1).
Therefore,

(2,1,1) € R(T).

Question 9: Prove that the system of linear equations Az = b has a solution if and only
if b e R(A).

Xingjian’s Solution:

Recall that R(A), the range of A, is the set of all vectors of the form Az for some vector
x.

First suppose that the system Ax = b has a solution. Then there exists some vector x
such that Az = b. By the definition of the range of A, every vector of the form Ax belongs
to R(A). Hence b € R(A).

Conversely, suppose that b € R(A). Then, by definition of R(A), there exists some vector
x such that Ax = b. Therefore the system Ax = b has a solution.

Thus,

Az = b has a solution <= b€ R(A).

Question 10: Prove or give a counterexample to the following statement:

If the coefficient matriz of a system of m linear equations in n unknowns has rank m,
then the system has a solution.

Xingjian’s Solution:

The statement is true.

Let A be the coefficient matrix of a system of m linear equations in n unknowns, and
suppose that rank(A) = m. Since A has m rows, this means that the rows of A are linearly
independent, so A has a pivot in every row.

Now consider the augmented matrix (A | b). Appending the column b does not change
the fact that all m rows of A already contain pivots. Hence the augmented matrix cannot

have a row of the form
00 - 0| d], d#0,

because such a row would force a zero row in the coefficient part and therefore would mean
that A does not have rank m.
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Equivalently, since A has a pivot in every row, the row-reduced form of A has no zero
rows. Therefore the system cannot be inconsistent. Hence for every right-hand side b, the

system
Ar =0

has at least one solution.
So the statement is true.

Xingjian Xu

xingjianxu@ufl.edu

LIT 453

Webpage: https://people.clas.ufl.edu/xingjianxu/mas4105-26springs/
Office Hours: Tuesday, Periods 3 and 5 on LIT453;


https://people.clas.ufl.edu/xingjianxu/mas4105-26springs/

