MAS 4105 Solutions for Section 3.2

Question 1: Label the following statements as true or false.

(a). The rank of a matrix is equal to the number of its nonzero columns.

(b). The product of two matrices always has rank equal to the lesser of the ranks of the
two matrices.

(
(
(

¢). The m X n zero matrix is the only m x n matrix having rank 0.
d

e). Elementary column operations do not necessarily preserve rank.

). Elementary row operations preserve rank.

(f). The rank of a matrix is equal to the maximum number of linearly independent rows
in the matrix.

(g). The inverse of a matrix can be computed exclusively by means of elementary row
operations.

(h). The rank of an n X n matrix is at most n.

(i). An n x n matrix having rank n is invertible.

Xingjian’s Solution:

(a)

(i)

False. The rank is the number of linearly independent columns, not simply the number
of nonzero columns. A matrix may have nonzero columns that are multiples of each
other.

False. In general, rank(AB) < min{rank(A),rank(B)}, but equality does not always
hold. For example, it is possible that AB = 0, in which case rank(AB) = 0.

True. A matrix has rank 0 exactly when all its rows and all its columns are zero, so
it must be the zero matrix.

True. Elementary row operations do not change the row space dimension, so they
preserve rank.

False. Elementary column operations also preserve rank, since they do not change the
dimension of the column space.

True. By definition, the rank of a matrix is the dimension of its row space, so it equals
the maximum number of linearly independent rows.

True. If a matrix A is invertible, then by applying elementary row operations to
(A| ), one can reduce A to I, and the same row operations transform I into A~

True. An n X n matrix can have at most n linearly independent rows or columns, so
its rank is at most n.

True. If an n X n matrix has rank n, then its rows (and columns) are linearly inde-
pendent, so the matrix is invertible.

Question 2: Find the rank of the following matrices.

1
(a). 10
1

— = =
O = O
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Xingjian’s Solution:
Subtract row 1 from row 3:

11
01
0 0

o = O

There are 2 nonzero rows, so rank(A4) = 2.
110
). [2 1 1
1 11
Xingjian’s Solution:
Perform

R2<—R2—2R1, R3<—R3—R1,

to get
1 1 0
0 -1 1
0 0 1
There are 3 nonzero rows, so rank(A4) = 3.
1 0 2
(@114
Xingjian’s Solution:
Perform

to get

There are 2 nonzero rows, so rank(A) = 2.
1 2 1
(d). 2 4 2
Xingjian’s Solution:
Since Ry = 2R, we have

There is only 1 nonzero row, so rank(A) = 1.

12 3 11

() 14 0 1 2
10 2 -3 01
10 0 00

Xingjian’s Solution:
Use row 1 as pivot:
Ry <~ Ry — Ry, Ry < Ry — Ry,
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giving
1 2 3 1 1
0 2 -3 0 1
0 2 -3 0 1
0 -2 -3 -1 -1
Now do
R3<—R3—R2, R4<—R4+R2,
to obtain
12 3 1 1
02 -3 0 1
00 0 0 O
00 -6 -1 0
There are 3 nonzero rows, so rank(A) = 3.

1 2 0 1 1

2 4 1 3 0
(). 3 6 2 5 1

-4 -8 1 -3 1
Xingjian’s Solution:
Notice first that column 2 is 2 times column 1, so they are dependent.
Now row reduce:

R2<—R2—2R1, Rg%Rg—BRl, R4%R4+4R1,

giving
1 2 01 1
001 1 =2
00 2 2 =2
0011 5
Next,
R3 <—R3—2R2, R4 <—R4—R2,
SO
1 2 01 1
001 1 =2
0000 2
0000 7
Finally,

R4 — 2R4 — 7R3,

which gives

1201 1
0011 -2
0000 2
00 0O0 O
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There are 3 nonzero rows, so rank(A) = 3.

110 1
(2)-

— =N
O =N
o O O

2
1
1

—

Xingjian’s Solution:
Observe that

R2:2R1, R3:R1-

So perform
R2<—R2—2R1, Rg(—Rg—Rl, R4<—R4—R1,

to get

S O O

o O =
o O O O
o O O

—1

There are 2 nonzero rows, so rank(A) = 2.

Question 3: Prove that for any m x n matrix A, rank(A) = 0 if and only if A is the
zero matrix.

Xingjian’s Solution:

Proof. We prove both directions.

(=) Assume rank(A) = 0. Recall that the rank of a matrix is the maximum number
of linearly independent rows (equivalently, columns). If rank(A) = 0, then there are no
nonzero linearly independent rows. Hence every row of A must be the zero row. Therefore
every entry of A is 0, so A is the zero matrix.

(<) Assume A is the zero matrix. Then every row and every column of A is zero, so there
are no nonzero linearly independent rows or columns. Hence the dimension of the row space

and column space is 0. Therefore
rank(A) = 0.

Thus,
rank(A) =0 <= A is the zero matrix.

O

Question 5: For each of the following matrices, compute the rank and the inverse if it

exists.
1 2
CORN (N
Xingjian’s Solution:
To find the rank and inverse, row reduce (A|I):

1 2|1 0
1 110 1 )°
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First eliminate the entry below the pivot: Ry < Ry — Ry so

1 211 0
0O —-1|-11/)"

Now make the second pivot equal to 1: Ry <~ — Ry to get

1 271 0
0O 1]1 -1 )°

Eliminate the entry above that pivot: R; < R; — 2R, and obtain

1 0]-1 2
0o 1{1 -1/

Thus the left side has become I5, so A is invertible. Hence
rank(A) = 2, Al = (_11 _21> :

1 2
o (3 3)
Xingjian’s Solution:
We row reduce (A|1):

1 2|1 0
2 4{0 1 )°

Eliminate the entry below the first pivot: Ry <~ Ry — 2R; to get

1 21 0
0 0/-21)"°

The left side has only one pivot, so rank(A) = 1. Since the left side cannot be reduced
to I, the matrix is not invertible. Therefore

A~ does not exist.

1 2 1
. [1 3 4
2 3 -1

Xingjian’s Solution:

We row reduce (A|I):
12 1|10
13 41]01
23 —-1]0 0

_— o O

Use the first row to eliminate the entries below the first pivot:

R2<_R2_R1, R3 +— R3 —2R;.
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Then
1 2 1 1 0
1

0o 1 3 -1
0 -1 -3|-2 0

Now eliminate the entry below the second pivot:
Rg — Rg + RQ,

SO

Thus the left side has only 2 pivots, so rank(A) = 2. Since the left side cannot be reduced
to I3, A is not invertible. Hence A~! does not exist.

0 —2 4
@. [1 1 -1
2 4 -5

Xingjian’s Solution:

We row reduce (A|I):

0 -2 41100
1 1 —-1{0 10
2 4 —5|0 0 1
Swap rows 1 and 2:
R, < Ry
to get
1 1 —-1{0 10
0 -2 4100
2 4 5|0 0 1
Eliminate the entry below the first pivot:
R3 — R3 — 2R,
SO
1 1 —=1({0 1 0
0 -2 4|1 0 0

Make the second pivot equal to 1:

to obtain
11 -1 0 1 0

01 =2|—
02 -3 0 -2

o
)
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Use the second pivot to eliminate the other entries in column 2:

R, + Ry — Rs, R3 + Rs — 2Rs.

Then
10 1]3 10
01 —2|—-3 0 0
00 1|1 -21

Eliminate the entries above the third pivot:

R+ Ry — Rg, Ry + Ry + 2Rs.

Hence
100[-% 3 -1
0102 —4 2
0011 -2 1

Thus the left side is I3, so A is invertible. Therefore

-5 3 -1
rank(A) = 3, At=13 -4 2
1 -2 1
1 21
. [-1 1 2
1 01
Xingjian’s Solution:
We row reduce (A I):
1 2 111 00
-1 1 2|0 1 0
1 0 1/0 01

Use the first row to eliminate the other entries in column 1:

Ry +— Ry + Ry, R3 + Rs — Ry.

Then
1 2 111 00
0 3 3|1 10
0 -2 0]—-1 0 1

Make the second pivot equal to 1:
1
R2 <— gRQ

SO
1 2 111 00
0 1 1|3 3 0
0 -2 0|—-1 0 1
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Eliminate the other entries in column 2:

R1 — Rl — 2R2, R3 — Rg —+ 2R2

This gives
10 -1 —20
1 1
01 1{3 35 0
00 2 |-1 21
Make the third pivot equal to 1:
1
R3<—§R3
to obtain ) ,
1 0 -1 i s 0
o1 1}3 35 0
oo 1|ty

Eliminate the entries above the third pivot:
R1<—R1+R3, RQ%RQ—R;),.
Hence

1
2

N =
W=
N

_ o O

1
0
0

o = O

Wi O

1 1
6 2

Thus the left side is I3, so A is invertible. Therefore

L1 1
6 3 2
rank(A) = 3, At=1L o0 -1
1 1 1
6 3 2
1 21
(f). {1 0 1
1 11
Xingjian’s Solution:
We row reduce (A|1):
1 2 1(1 00
1 01]0 10
11 1/0 0 1
Use the first row to eliminate the entries below the first pivot:

RQFRQ—Rl, Rs <+ R3; — R;.

Then
1 2 1|1 0 0
0 -2 0]—-1 10
0 -1 0/—-1 0 1
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Make the second pivot equal to 1:

1
R2 < —§R2

SO
1 2 1

1 0
0 1 04+ =10
0 -1 0/-1 0 1

Eliminate the entry below the second pivot:

Rg — Rg + RQ,
which gives
12111 0 0
010 % —% 0
000 —% —% 1

Thus the left side has only 2 pivots, so rank(A) = 2. Since the left side cannot be reduced

to I3, the matrix is not invertible. Therefore A~! does not exist.
12 1 0
2 5 5 1
& | 5 3 0 3
3 4 -2 -3
Xingjian’s Solution:
We row reduce (A|I):

12 1 0|1 000
2 5 5 1]0100
-2 -3 0 3 (0010
3 4 -2 =3]0 0 01

Use the first row to eliminate the other entries in column 1:

R2<—R2—2R1, R3<—R3—|—2R1, R4(—R4—3R1.

Then
1 2 1 01 00O
0O 1 3 1]|-2100
O 1 2 3|12 010
0 -2 -5 =3/-3 0 0 1

Use the second row as pivot row:

Rg — Rg — RQ, R4 — R4 + 2R27 Rl — Rl — 2R2

So we get
10 -5 =25 =200
01 3 1]-2 1 00
00 -1 214 —-110
00 1 —-1/-7 2 01
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Make the third pivot equal to 1:

Rg < —Rg
to obtain
10 =5 =25 =2 0 0
01 3 1 1-2 1 0 0
00 1 -2/—-4 1 —-120
o0 1 —-1}]-7 2 0 1

Eliminate the other entries in column 3:

Ry + R, — Rg, Ry + Ry — 3R3, Ry + Ry + 5R3

Then
100 —-12|-15 3 -5 0
010 7 10 -2 3 0
001 -2|-4 1 —-10
000 1 -3 1 1 1

Use the fourth pivot to eliminate the entries above it:
R1 — R1 + 12R4, R2 — RQ — 7R4, R3 — Rg + 2R4

Hence
0]-=51 15 7 12

031 -9 —4 -7
0j-10 3 1 2
001} -3 1 1 1

Thus the left side is Iy, so A is invertible. Therefore

oS O O =
S = O
_ o O

—-51 15 7 12

rank(A) = 4, Al = 3L =9 —d 7

—-10 3 1 2
-3 1 1 1
1 0 -1 1
1 1 -1 2
(h). 2 0 1 0
0o -1 1 -3
Xingjian’s Solution:
We row reduce (A|I):
1 0 -1 1]1 000
1 1 -1 20100
2 0 1 00010
0 -1 1 =3[0 0 01
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Use the first row to eliminate the entries below the first pivot:

Ry +— Ry — Ry, R3 + Rs —2R;.

Then
1 0 -1 1,1 000
0O 1 0 1]-1100
o 0 3 —-2-2010
0O -1 1 -3,0 001
Use the second row as pivot row:
R4 — R4 + RQ
SO
10 -1 171 000
01 0 1 /|-1100
00 3 —-2|-2010
00 1 —-2|—-1101
Swap rows 3 and 4:
Rg — Ry
to get
10 -1 1|1 00O
01 0 1 /|—-1100
00 1 —-2|-1101
00 3 —-2|-2010

Eliminate the other entries in column 3:

R, (—R1+R3, Ry < R4 — 3R;5.

Then
100 —-1]0 1 0 1
010 1,-1 1 0 O
001 -2|-1 1 0 1
000 4|1 -3 1 -3

Make the fourth pivot equal to 1:
1
Ry« ZR4

to obtain
100 —-1]0 1 0 1
010 1|-1 1 0 O
001 -2—-1 1 0 1
000 1|4 <3 E -
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Eliminate the entries above the fourth pivot:

Rl <—R1—|—R4, RQ (—RQ—R4, Rg (—R3+2R4.

Hence . . . )
IR I N
oo T
000 1|2 31 3
00013 -3 1 —1i
Thus the left side is I, so A is invertible. Therefore
1 1 1 1
1 1 1 1
5 * _1 3
rank(A) = 4, Al = _i _41 l4 _41
2 T2 2 2
r 3 1 _3
1 1 1 4

Question 6: For each of the following linear transformations 7', determine whether T is
invertible, and compute T~! if it exists.

(a). T : P(R) = P»(R), defined by T(f(x)) = f"(x) + 2f'(x) — f(z).

Xingjian’s Solution:

Consider f(x) = a+ bx + cx* € P»(R). Then f'(x) = b+ 2cx, f"(z) = 2¢. Hence

T(f(z) = f"(z) + 2f'(x) — f(z) = 2¢ + 2(b+ 2cx) — (a + bx + cz?).

So T(f(z)) = (—a+2b+ 2¢) + (=b+ 4c)x — ca?.
To determine whether 7" is invertible, suppose T'(f(z)) = 0. Then

—a+2b+2c=0, —b+4c =0, —c=0.

From —c = 0, we get ¢ = 0. Then —b + 4¢ = 0 gives b = 0, and finally —a + 2b+ 2¢ = 0
gives a = 0. Thus

f(z)=0.

So ker(T") = {0}. Since P(R) is finite-dimensional and the domain and codomain both have
dimension 3, T is invertible.

Now let
T(f(x)) =p+qe+rz’.
Then
—a+ 2b+ 2c = p, —b+4c =q, —Cc=T.
From the third equation, ¢ = —r. From the second equation,

~b+4(-r)=q = b=—q—4r

From the first equation,
—a+2(—q—4r)+2(-r)=0p
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SO
—a — 2q — 10r = p,

hence
a=—p—2q— 10r.

Therefore

T p+qrv+ra?) = (—p —2q — 10r) + (—q — 4r)x — ra’.

So T is invertible, and

T Yp+qr+ra?) = (—p—2q — 10r) + (—q — 4r)x — ra*.

(b). T : Py(R) — P»(R), defined by T(f(z)) = (x + 1) f'(x).
Xingjian’s Solution:
Consider f(x) = a + bz + cx? € P,(R). Then f'(x) = b+ 2cx. Therefore

T(f(x)) = (x+1)f'(x) = (x + 1)(b+2cx) = b+ (b + 2¢)x + 2c2°.

To test invertibility, we check whether 7" is one-to-one. Consider any constant polynomial
f(z) =a,a#0. Then f'(x) =0, s0 T(f(x)) = (x+1)-0=0. Thus a nonzero polynomial is
mapped to zero, so

ker(T") # {0}.

Therefore T' is not one-to-one, hence not invertible. So 7! does not exist.

T is not invertible, and 77! does not exist.

(c). T:R3 — R3, defined by T(ay, as, a3) = (ay + 2as + az, —a; + as + 2as, a; + as).
Xingjian’s Solution:
Let T'(a1, as,as) = (b, be, b3). Then we must solve

ai + 2ay + az = by,

—a1 +as + 2@3 = bg,
a, + az = bg.

We solve for ay, as, as in terms of by, bo, bs.
From the third equation, a; = b3 — a3. Substitute into the first equation:

(b3—a3)+2a2+a3:b1 - b3+2(12:b1.

Hence as = %.

Now substitute a; = by — ag into the second equation: —(bs — ag) + as + 2a3 = by, so
by — b3

5
by — b3 2by + 2bs — by + bs —by + 2by + 3b3

3az = by + b3 5 2 5

—bs + as + 3as = by. Thus 3as = by + b3 — ay. Substitute ay, =
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Therefore
—by + 2by + 3b53
a3 — .
6
Then
—by + 2by + 3bs by — 2by + 3b3
(llzbg—agzbg— = .
6 6
So
by — 2by + 3b3 by — bs —by + 2by + 3b3
ay = 5 az = 5 as = 6 .

Since for every (b, by, b3) € R? there is a unique solution, T is invertible, and

T—l(bl bg bg) _ (bl - 2b2 + 3b3 bl - b3 _bl + 2()2 =+ 363) '

6 0 27 6

(d). T :R3 — Py(R), defined by T'(ay,as,a3) = (a1 + as + az) + (a1 — as + az)x + ay 2.
Xingjian’s Solution:
Let T(ay, as,as) = p + qr + rz?. Then comparing coefficients gives

a1+ as + a3z = p,

a; — as + a3z = q,
ap =r.

From the third equation, a; = r.
Subtract the second equation from the first:

(a1 +az +az) — (a1 —ag +az) = p — g,
s0 ay = P4,
Now use
a; + as + as = p.
Substitute a; = r and ay = I%:

r+u+a3:p.
2
Thus
B p—q 2p—2r—p+q p+tq
az =p—1r— = = -
2 2 2
Therefore
aL=r a:p_—q a:p—+q—r
1 ) 2 9 ) 3 9 .

So T is invertible, and

T 'p+qr +ra?) = (r, —_— — =7
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(). T Po(R) — B3, defined by T(f(x)) = (f(~1), £(0), /(1)).

Xingjian’s Solution:

Let f(z) = a + bx + cz® Then f(—1) = a—b+c¢, f(0) = a, f(1) = a+ b+ c So if
T(f(x)) = (u,v,w), then

a—b+c=u,
a=w,
a+b+c=w.

From the second equation, a = v.
Then the first and third equations become

v—>b+c=u,
v+b+c=w.
Subtract the first from the third:
(v+b+c)—(v—=b+c)=w—u,

sob:T

Now add the first and third equations:
(v—=b+c)+(v+b+c)=u+w,

which gives
204 2c=u+ w.

So o +
2c=u—+w — 2v, c:%
Thus
w—1u u—2v+w
a=wv, b= , c= ——+——
2 2
Therefore % +
B w—u u—204+w 4
flz)=v+ 5 T 5 x
So T is invertible, and
— —2
T_l(u,v,w):v—l—w2u$+u ;+wx2.

(f). T : Myyo(R) — R*, defined by T(A) = (tr(A), tr(AY), tr(EA), tr(AE)), where E =

0 1
1 0)°
Xingjian’s Solution:

Let A = (Z Z) . Then tr(A) = a+ d. Also, A" = (

a ¢

ty —
b d),sotr(A)—oH—d.



MAS 4105 Solutions for Section 3.2

Now p
0 1 0 1 a b c
e=(Vo) ma=(1 o) (C0)-(04)
hence
tr(EA) = b+ c.
Also
a b 01 b a
ae= (201 o) = (1)
SO
tr(AE) = b+ c.
Therefore

T(A)=(a+d, a+d, b+c, b+c).
So every vector in the range of 7" has the form
(I, I? y? y) *

In particular, vectors such as (1,0,0,0) are not in the range. Hence T is not onto R*.
Also, many different matrices have the same image. For example,

10 0 0
(5 0) - aroo=7((5 1))
So T is not one-to-one.

Therefore T is not invertible, and 7! does not exist.

‘T is not invertible, and 7' does not exist. ‘

Question 8: Let A be an m x n matrix. Prove that if ¢ is any nonzero scalar, then
rank(cA) = rank(A).
Xingjian’s Solution:

Proof. Observe that multiplying a matrix by a nonzero scalar multiplies every row of the
matrix by that same nonzero scalar. This does not change whether a collection of rows is
linearly independent.

More precisely, suppose the rows of A are ry,...,r,. Then the rows of cA are crq, ..., cr,.
A set of rows r;,, ..., r; is linearly independent if and only if the set cr;,, ..., cr;, is linearly
independent, because

k

ai(ery) + -+ agler,) =0

if and only if
clarry, + -+ agry,) = 0.

Since ¢ # 0, this holds if and only if

ory + o+ agry, = 0.
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Thus the maximum number of linearly independent rows is the same for A and cA.

Therefore
rank(cA) = rank(A).

Alternatively, multiplying every row by a nonzero scalar is a type 2 elementary row
operation, and elementary row operations preserve rank. Hence the conclusion follows im-
mediately. O]

Question 14: Let T,U : V — W be linear transformations.
(a). Prove that R(T'+ U) C R(T") + R(U).
(b). Prove that if W is finite-dimensional, then

rank(7 + U) < rank(T") + rank(U).
(c). Deduce that rank(A + B) < rank(A) + rank(B) for any m x n matrices A and B.
Xingjian’s Solution:

Proof For (a). Let y € R(T + U). Then by definition of range, there exists v € V such
that y = (T4 U)(v). Since T + U is defined pointwise, (T'+ U)(v) = T'(v) + U(v). Now
T(v) € R(T) and U(v) € R(U). Therefore y = T(v) + U(v) € R(T) + R(U). Hence
R(T + U) C R(T) + R(U). 0

Proof For (b). By part (a), R(T'+ U) C R(T) + R(U). Since W is finite-dimensional, we
may take dimensions:

dimR(T + U) < dim (R(T) + R(U)).

That is,
rank(7 + U) < dim (R(T) + R(U)).

Now for subspaces X,Y C W, we know
dim(X 4+Y) = dim(X) + dim(Y) — dim(X NY) < dim(X) + dim(Y).
Apply this with X = R(T"),Y = R(U). Then
dim (R(T) + R(U)) < dimR(T) + dim R(U).

Hence
rank(7 + U) < rank(T") + rank(U).
O]
Proof For (c). Let A and B be m x n matrices. Define linear transformations T4, Tp : R" —
R™ by T(z) = Az, Tp(z) = Bx. Then (T4 +T5)(x) = Ar + Bz = (A+ B)z, so the matrix

of Ty +Tgis A+ B.
Now

rank(A) = rank(7}y), rank(B) = rank(7), rank(A + B) = rank(Ty + Tg).
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By part (b),
rank(7y + Tg) < rank(T,) + rank(7p).

Therefore
rank(A + B) < rank(A) 4 rank(B).
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