
MAS 4105 Solutions for Section 2.2

Question 1: Label the following statements as true or false. Assume that V and W are
finite-dimensional vector spaces with ordered bases β and γ, respectively, and T, U : V → W
are linear transformations.

(a). For any scalar a, aT + U is a linear transformation from V to W.
(b). [T ]γβ = [U ]γβ implies that T = U .
(c). If m = dim(V) and n = dim(W), then [T ]γβ is an m× n matrix.
(d). [T + U ]γβ = [T ]γβ + [U ]γβ.
(e). L(V,W) is a vector space.
(f). L(V,W) = L(W,V).
Xingjian’s Solution:

(a) True. For any scalar a and linear transformations T, U : V → W, (aT + U)(x) =
aT (x) + U(x). For x, y ∈ V and c ∈ R,

(aT+U)(x+y) = aT (x+y)+U(x+y) = a(Tx+Ty)+(Ux+Uy) = (aT+U)(x)+(aT+U)(y),

(aT + U)(cx) = aT (cx) + U(cx) = acT (x) + cU(x) = c(aT + U)(x).

Thus, aT + U is linear.

(b) True. If [T ]γβ = [U ]γβ, then for each basis vector vj ∈ β, the coordinate vectors of
T (vj) and U(vj) relative to γ are equal. Hence T (vj) = U(vj) for all basis vectors. By
linearity, T = U on V .

(c) False. If dim(V ) = m and dim(W ) = n, then [T ]γβ has m columns (one for each basis
vector of V ) and n rows (coordinates in W ). Hence it is an n×m matrix, not m× n.

(d) True. For each basis vector vj,(T +U)(vj) = T (vj)+U(vj). Taking coordinate vectors
relative to γ gives [T + U ]γβ = [T ]γβ + [U ]γβ.

(e) True. L(V,W) is closed under addition and scalar multiplication, and satisfies all
vector space axioms. Therefore L(V,W) is a vector space.

(f) False. In general, L(V,W) and L(W,V) are different sets. There is no natural
equality between them.

Question 2: Let β and γ be the standard ordered bases for Rn and Rm, respectively.
For each linear transformation T : Rn → Rm, compute [T ]γβ.

(a) T : R2 → R3 defined by T (a1, a2) = (2a1 − a2, 3a1 + 4a2, a1).
Xingjian’s Solution:
Compute: T (e1) = T (1, 0) = (2, 3, 1), T (e2) = T (0, 1) = (−1, 4, 0).
Thus

[T ]γβ =

2 −1
3 4
1 0

 .

(d). T : R3 → R3 defined by T (a1, a2, a3) = (2a2 + a3,−a1 + 4a2 + 5a3, a1 + a3).
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Xingjian’s Solution:
Compute: T (e1) = (0,−1, 1), T (e2) = (2, 4, 0), T (e3) = (1, 5, 1).
Thus

[T ]γβ =

 0 2 1
−1 4 5
1 0 1

 .

(e). T : Rn → Rn defined by T (a1, a2, · · · , an) = (a1, a1, ..., a1).
Xingjian’s Solution:
Compute

T (e1) = (1, 1, . . . , 1), T (ej) = 0 for j ≥ 2.

Thus,

[T ]γβ =


1 0 0 · · · 0
1 0 0 · · · 0
...

...
...

...
1 0 0 · · · 0

 .

(f). T : Rn → Rndefined by T (a1, a2, ..., an) = (an, an−1, ..., a1).
Xingjian’s Solution:
Compute

T (ej) = en+1−j.

Thus

[T ]γβ =


0 0 · · · 0 1
0 0 · · · 1 0
...

... · · · ...
...

0 1 · · · 0 0
1 0 · · · 0 0

 .

Question 5: Let

α =

{(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)}
,

β = {1, x, x2}, and γ = {1}.
(a). Define T : M2×2(F ) → M2×2(F ) by T (A) = At. Compute [T ]α.
(b) Define

T : P2(R) → M2×2(R) by T (f(x)) =

(
f ′(0) 2f(1)
0 f ′′(3)

)
,

where ′ denotes differentiation. Compute [T ]αβ .
(c) Define T : M2×2(F ) → F by T (A) = tr(A). Compute [T ]γα.
(d) Define T : P2(R) → R by T (f(x)) = f(2). Compute [T ]γβ.

(e) If A =

(
1 −2
0 4

)
, compute [A]α.



MAS 4105 Solutions for Section 2.2

(f). If f(x) = 3− 6x+ x2, compute [f(x)]β.
(g). For a ∈ F , compute [a]γ.
Xingjian’s Solution:
We label the basis

α =

{
A1 =

(
1 0
0 0

)
, A2 =

(
0 1
0 0

)
, A3 =

(
0 0
1 0

)
, A4 =

(
0 0
0 1

)}
,

the standard basis of M2×2(F ).

(a) T : M2×2(F ) → M2×2(F ) given by T (A) = At.
We compute T on the basis α:

T (A1) = A1, T (A2) = A3, T (A3) = A2, T (A4) = A4.

Writing each T (Aj) in the basis α:

[T (A1)]α =


1
0
0
0

 , [T (A2)]α =


0
0
1
0

 , [T (A3)]α =


0
1
0
0

 , [T (A4)]α =


0
0
0
1

 .

Thus

[T ]α =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

(b) T : P2(R) → M2×2(R) given by

T (f(x)) =

(
f ′(0) 2f(1)
0 f ′′(3)

)
, β = {1, x, x2}, α as above.

First evaluate T on the basis β.

f(x) = 1 : f ′(x) = 0, f(1) = 1, f ′′(x) = 0

⇒ T (1) =

(
0 2
0 0

)
= 0A1 + 2A2 + 0A3 + 0A4,

f(x) = x : f ′(x) = 1, f(1) = 1, f ′′(x) = 0

⇒ T (x) =

(
1 2
0 0

)
= 1A1 + 2A2 + 0A3 + 0A4,

f(x) = x2 : f ′(x) = 2x, f ′(0) = 0, f(1) = 1, f ′′(x) = 2

⇒ T (x2) =

(
0 2
0 2

)
= 0A1 + 2A2 + 0A3 + 2A4.
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Therefore the coordinate columns in α are

[T (1)]α =


0
2
0
0

 , [T (x)]α =


1
2
0
0

 , [T (x2)]α =


0
2
0
2

 ,

so

[T ]αβ =


0 1 0
2 2 2
0 0 0
0 0 2

 .

(c) T : M2×2(F ) → F given by T (A) = tr(A) and γ = {1}.
Evaluate on α:

T (A1) = 1, T (A2) = 0, T (A3) = 0, T (A4) = 1.

In basis γ = {1}, the coordinates are scalars:

[T (A1)]γ =
[
1
]
, [T (A2)]γ =

[
0
]
, [T (A3)]γ =

[
0
]
, [T (A4)]γ =

[
1
]
.

Thus
[T ]γα =

[
1 0 0 1

]
.

(d) T : P2(R) → R given by T (f(x)) = f(2), with β = {1, x, x2} and γ = {1}.
Evaluate:

T (1) = 1, T (x) = 2, T (x2) = 4.

So in basis γ,
[T (1)]γ =

[
1
]
, [T (x)]γ =

[
2
]
, [T (x2)]γ =

[
4
]
.

Hence
[T ]γβ =

[
1 2 4

]
.

(e) If

A =

(
1 −2
0 4

)
,

write A in the basis α:
A = 1A1 + (−2)A2 + 0A3 + 4A4.

So

[A]α =


1
−2
0
4

 .
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(f) If f(x) = 3− 6x+ x2 and β = {1, x, x2}, then

f(x) = 3 · 1 + (−6) · x+ 1 · x2,

so

[f(x)]β =

 3
−6
1

 .

(g) For a ∈ F and γ = {1} a basis of F , we have

a = a · 1,

thus
[a]γ =

[
a
]
.

Question 6: Reprove Theorem 2.7: Let V and W be vector spaces over a field F , and
let T, U : V → W be linear.

(a) For all a ∈ F, aT + U is linear.
(b) Using the operations of addition and scalar multiplication in the preceding definition,

the collection of all linear transformations from V to W is a vector space over F .
Xingjian’s Solution:

Proof. (a). Define S : V → W by S(v) = (aT + U)(v) := aT (v) + U(v). Let v, w ∈ V and
λ, µ ∈ F . Then

S(λv + µw) = aT (λv + µw) + U(λv + µw)

= a
(
λT (v) + µT (w)

)
+
(
λU(v) + µU(w)

)
= λaT (v) + µaT (w) + λU(v) + µU(w)

= λ
(
aT (v) + U(v)

)
+ µ

(
aT (w) + U(w)

)
= λS(v) + µS(w).

Thus aT + U is linear.
(b). Let L(V,W) = {T : V → W | T is linear }. Define addition and scalar multiplica-

tion by (T + U)(v) := T (v) + U(v), (aT )(v) := aT (v).
By part (a), L(V,W) is closed under these operations. The zero transformation 0 defined

by 0(v) = 0W is linear and satisfies T + 0 = T . For each T , the map −T defined by
(−T )(v) = −T (v) is linear and satisfies T + (−T ) = 0.

All other vector space axioms (associativity, commutativity, distributive laws, and scalar
identities) follow from the corresponding properties in W. Therefore L(V,W) is a vector
space over F .

Question 7: Reprove Theorem 2.8: Let V and W be finite-dimensional vector spaces
with ordered bases β and γ, respectively, and let T, U : V → W be linear transformations.
Then

(a). [T + U ]γβ = [T ]γβ + [U ]γβ.
(b). [aT ]γβ = a[T ]γβ for all scalars a.
Xingjian’s Solution:
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Proof. (a). Let v ∈ V. Then [(T +U)(v)]γ = [T (v)+U(v)]γ. Since coordinate maps preserve
addition, [T (v) + U(v)]γ = [T (v)]γ + [U(v)]γ. Using the definition of matrix representation,
[T (v)]γ = [T ]γβ[v]β, [U(v)]γ = [U ]γβ[v]β. Hence [(T + U)(v)]γ =

(
[T ]γβ + [U ]γβ

)
[v]β. But by

definition, [(T + U)(v)]γ = [T + U ]γβ[v]β.
Since this holds for all v, we conclude [T + U ]γβ = [T ]γβ + [U ]γβ.
(b). Let v ∈ V. Then [(aT )(v)]γ = [aT (v)]γ = a[T (v)]γ. Using matrix representation,

[T (v)]γ = [T ]γβ[v]β. Thus [(aT )(v)]γ = a[T ]γβ[v]β = (a[T ]γβ)[v]β.
But [(aT )(v)]γ = [aT ]γβ[v]β.
Since this holds for all v, [aT ]γβ = a[T ]γβ.

Question 10: Let V be a vector space with the ordered basis β = {v1, v2, · · · , vn}.
Define v0 = 0. By Theorem 2.6 (p. 72), there exists a linear transformation T : V → V
such that T (vj) = vj + vj−1 for j = 1, 2, · · · , n. Compute [T ]β.

Xingjian’s Solution:

Proof.

For each basis vector vj we write T (vj) in coordinates relative to β.

For j = 1:
T (v1) = v1 + v0 = v1 = 1 · v1 + 0 · v2 + · · ·+ 0 · vn,

so the first column of [T ]β is
[
1, 0, 0, . . . , 0

]T
.

For j ≥ 2:
T (vj) = vj + vj−1 = 1 · vj−1 + 1 · vj,

so the j-th column has a 1 in the (j − 1)-st row (coefficient of vj−1), a 1 in the j-th row
(coefficient of vj), and 0 elsewhere.

Thus the matrix [T ]β has the form

[T ]β =



1 1 0 0 · · · 0
0 1 1 0 · · · 0
0 0 1 1 · · · 0
...

...
...

. . . . . .
...

0 0 0 · · · 1 1
0 0 0 · · · 0 1


,

an n× n matrix with 1’s on the main diagonal and on the superdiagonal just above it, and
0’s elsewhere.

Question 13: Let V and W be vector spaces, and let T and U be nonzero linear
transformations from V into W. If R(T ) ∩ R(U) = {0}, prove that {T, U} is a linearly
independent subset of L(V,W).

Xingjian’s Solution:
To show {T, U} is linearly independent, we must show that if aT + bU = 0 in L(V,W)

for scalars a, b, then a = b = 0.
Suppose aT+bU = 0. This means that for every v ∈ V, (aT+bU)(v) = aT (v)+bU(v) = 0.

Thus, aT (v) = − bU(v).
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For each v ∈ V, the vector aT (v) lies in R(T ) and −bU(v) lies in R(U), so aT (v) ∈
R(T ) ∩ R(U). By hypothesis, R(T ) ∩ R(U) = {0}, hence aT (v) = 0 for all v ∈ V. So aT
is the zero transformation. Since T is nonzero, this forces a = 0. With a = 0, the equation
aT + bU = 0 becomes bU = 0. Thus bU is the zero transformation, and since U is nonzero
we must have b = 0.

Therefore the only linear relation aT + bU = 0 is the trivial one a = b = 0. Hence {T, U}
is linearly independent in L(V,W).

Question 16: Let V and W be vector spaces such that dim(V ) = dim(W ), and let
T : V → W be linear. Show that there exist ordered bases β and γ for V and W,
respectively, such that [T ]γβ is a diagonal matrix.

Xingjian’s Solution:
Let r = rank(T ) = dimR(T ). Pick a basis {w1, . . . , wr} of the subspace R(T ) ⊆ W

and extend it to a basis γ = {w1, . . . , wr, wr+1, . . . , wn} of W. For each i = 1, . . . , r, since
wi ∈ R(T ) there exists vi ∈ V with T (vi) = wi.

Let {ur+1, . . . , un} be a basis of kerT . (By the dimension Theorem, dimkerT = n− r.)
Now form the ordered set

β = {v1, . . . , vr, ur+1, . . . , un}.
We claim β is a basis of V: - the vectors are n in number, - {ur+1, . . . , un} spans kerT , - the
images T (v1), . . . , T (vr) form a basis of R(T ), - and R(T )∩ kerT = {0}, so the sets combine
to give a basis of V.

By construction, T (vi) = wi for i = 1, . . . , r, and T (uj) = 0 for j = r + 1, . . . , n.
Relative to the basis γ, we have [T (vi)]γ = ei (i = 1, . . . , r), where ei is the i-th standard
basis vector in Fn, and [T (uj)]γ = 0 (j = r + 1, . . . , n).

Therefore, the columns of [T ]γβ are:

column i =

{
ei, 1 ≤ i ≤ r,

0, r + 1 ≤ i ≤ n.

Thus

[T ]γβ =



1 0
. . . 0

1 0
0 0

. . . 0
0 0


,

an n × n diagonal matrix with r entries equal to 1 on the diagonal and n − r entries equal
to 0. Hence there exist bases β of V and γ of W such that [T ]γβ is diagonal, as required.
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