MAS 4105 Solutions for Section 1.5

Xingjian comment:In the following, I have a personal taste for using proof by contra-
diction for those questions about linear independent and linear dependent. You also can try
direct proof to convince me if you want.

Question 1: Label the following statement as true or false.

(a). If S is a linearly dependent set, then each vector in S is a linear combination of
other vectors in S.

(b). Any set containing the zero vector is linearly dependent.

(c). The empty set is linearly dependent.

(d). Subsets of linearly dependent sets are linearly dependent.

(e). Subsets of linearly independent sets are linearly dependent.

(f). If a1zy + agwy + - -+ + apz, = 0 and x4y, x9, - - - , x,, are linearly independent, then all
the scalars a; are zero.

Xingjian’s Solution:

(a). False. If S is linearly dependent, then there exists at least one vector in S that is
a linear combination of the others, not necessarily every vector. For example, in R?, the set

5 ={(1,0),(0,1),(0,0)}

is linearly dependent because of the zero vector, but (1,0) is not a linear combination of
(0,1) and (0,0).
(b). True. If 0 € S, then taking the linear combination

1-0+0-v3+---+0-v,=0

gives a nontrivial relation among the vectors in S, so S is linearly dependent.

(c). False. By definition, the empty set is linearly independent: there is no nontrivial
linear combination of zero vectors.

(d). False. A subset of a linearly dependent set may be linearly independent. For exam-
ple, as above, S = {(1,0),(0,1),(0,0)} is linearly dependent, but the subset {(1,0),(0,1)}
is linearly independent.

(e). False. In fact, every subset of a linearly independent set is also linearly independent
(this is a standard theorem). So the statement as written is false.

(f). True. This is exactly the definition of linear independence: the only linear combi-
nation

a1z + -+ apxr, =0

is the trivial combination a; = --- = a, = 0.
Question 3: In My, 3(F'), prove that the following set is linearly dependent.
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Xingjian’s Solution:
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Proof. Let
11 0 0 0 0
Alz 0 O 5 AQI 11 5 A3: O 0 y
0 0 0 0 11
10 01
As=|(1 0], As=|(0 1
10 0 1

We prove the set { Ay, As, A, Ay, A5} is linearly dependent by contradiction.
Assume that these five matrices are linearly independent. Then the only way a linear
combination
Cc1A; + Ay + c3As + Ay +c5A5 =0

can hold is if all coefficients ¢y, ..., c;5 are zero.
Now compute A; + As + A3 and Ay + As:

11 0 0 0 0 11
Al +A+A3=10 O]+ (1 1|+(0 O)=1|1 1},
0 0 0 0 11 11
and
10 01 11
Ay+A5=(1 0]+ [0 1] =111
10 01 11
Thus
A1+A2+A3:A4+A5.
Rewriting this, we get
(DA + (-1D)Ay+ (—1)A3+1- A4+ 1- A5 =0.
This is a nontrivial linear relation among Ay, . .., As, since the coefficients (—1, —1,—1,1,1)

are not all zero. This contradicts our assumption that the matrices were linearly independent.
Therefore, our assumption must be false, and the set {A;, As, A3, Ay, A5} is linearly
dependent. O

Question 4: In F", let e; denote the vector whose j-th coordinate is 1 and whose other
coordinates are 0. Prove that {ej,es, - ,e,} is linearly independent.
Xingjian’s Solution:

Proof. We prove this by contradiction.
Assume that the set {ey, ..., e,} islinearly dependent. Then there exist scalars aq, ..., a, €
F', not all zero, such that
aje1 + ases + -+ - + ane, = 0.

Write out the left-hand side as a vector. Since e; has 1 in the j-th position and 0
elsewhere, we have
aje; + -+ ape, = (ar, a2, ..., a,).
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Thus the equation becomes
(ay,aq,...,a,) =(0,0,...,0).
So each coordinate must be zero:
ap=ay=---=a, =0.

But this contradicts our assumption that not all of the scalars a; are zero. Hence our
assumption that {ey, ..., e,} is linearly dependent is false. Therefore, {es,...,e,} is linearly
independent. O

Question 5: Show that the set {1,z,22, -+, 2"} is linearly independent.
Xingjian’s Solution:

Proof. Method 1: Suppose we have a linear combination of these polynomials equal to the
zero polynomial:
ao- 1+ a1z + asz® + - + apz™ =0,

where the right-hand side is the zero polynomial.

The left-hand side is a polynomial of degree at most n, with coefficients ag, a, ..., a,.
By the definition of equality of polynomials, two polynomials are equal if and only if all their
corresponding coefficients agree. The zero polynomial has all coefficients equal to 0, so we
must have

a=a=-+=a, =0.

Thus the only linear combination of 1,z,...,z™ that gives the zero polynomial is the
trivial one, so the set {1, z,2?, ..., 2"} is linearly independent.

Method 2: We prove this by contradiction.

Suppose the set {1, z,z?, ..., 2"} is linearly dependent. Then there exist scalars ag, ai, . . ., a, €
F'| not all zero, such that

ao-1+az+ar?+-- +a,z" =0
for all . In other words, the polynomial
p(x) = ap + a1 + - + apa”

is the zero polynomial.
Because not all a; are zero, let k be the largest index such that ay # 0. Then the degree

of p(z) is k, and the leading term is azz®. In particular, p(z) is a nonzero polynomial of
degree k.

W also assumed that p(x) is the zero polynomial, but the degree of zero polynomial is
-1, and —1 # k£ > 0. This is contradiction. m

Question 7: The set of diagonal matrices in My.o(F') is a subspace. Find a linearly
independent set that generates this subspace.
Xingjian’s Solution:
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Proof. A general diagonal matrix in Msyo(F') has the form

a 0
0 b
with a,b € F. We can write this as

W10y (00

0 0 0 1)
10 00
Dl_(o o)’ D2_<0 1)'

Then every diagonal matrix is a linear combination of Dy and D, so { Dy, Dy} generates the
subspace of diagonal matrices.
To see that {D;, Dy} is linearly independent, suppose

Cle -+ BDQ =0.

(o0) (0= 5= (o)

Thus @« = 0 and 8 = 0. So {Dy, D5} is linearly independent and generates the subspace of
diagonal matrices. O

This gives

Question 10: Give an example of three linearly dependent vectors in R? such that none
of the three is a multiple of another.

Xingjgian’s Solution: Be clear for the meaning of multiple. When we say v is a multiple
of w, it means that v = \w for some scalar A € R.

Now consider v; = (1,0,0), vy =(0,1,0), wv3=(1,1,0). We have vg = v; + v9, so

'U1+’UQ—U3:0

is a nontrivial linear relation, and the vectors are linearly dependent.

However, no one of these is a scalar multiple of another: (1,0,0) is not a multiple of
(0,1,0) or (1,1,0), and similarly for the others. O

Question 16: Prove that a set S of vectors is linearly independent if a finite subset of
S is linearly independent.

Xingjian’s Solution:

Proof. We prove it by contradiction. Suppose that S is linearly dependent. By definition,
this means that there exists a finite subset {v,...,vx} € S and scalars aq, ..., ag, not all
zero, such that

av1 + -+ agve = 0.

But then the finite subset {vy,...,v;} is linearly dependent.
Therefore, if every finite subset of S is linearly independent, S itself cannot be linearly
dependent. It is contradiction. O



MAS 4105 Solutions for Section 1.5

Question 18: Let S be a set of nonzero polynomials P(F') such that no two have the
same degree. Prove that S is linearly independent.
Xingjian’s Solution:

Proof. We prove this by contradiction. Suppose S is not linearly independent. Then there
exists a finite subset {p1,p2,...,pm} C S that is linearly dependent. Since no two polyno-
mials in S have the same degree and all are nonzero, we may reorder the polynomial index
to get {p1,p2,...,pm} C S with degp; < degps < -+ < degpm.
Since {p1,...,pm} is linearly dependent, there exist not all zero scalars ay,...,a,, € F,
s.t.
aipy + azpz + -+ + Py = 0,

where the right-hand side is the zero polynomial.
Consider the polynomial on the left-hand side. Let degp,, = d, and let the leading
coefficient of p,, be ¢ # 0. Then the term of highest degree in the sum

a1pr + -+ QmPm

is the z%-term coming from a,,p,,, since all other p; have strictly smaller degree. The co-
efficient of 2% in the sum is therefore a,,c. But the sum equals the zero polynomial, whose
coefficient of 2% is 0. Hence

amc=0 = a, =0,

since ¢ # 0.
Now the relation reduces to

aipy + -+ Gp1Pm-1 = 0.

Applying the same argument to this shorter relation (again looking at the largest degree
among pi, ..., Pm_1), we conclude a,, 1 = 0. Repeating this step, we eventually obtain

aL=ag = -+ =a,, =0.

This contradicts our assumption that the relation was nontrivial. Hence every finite
subset of S is linearly independent, and thus S is linearly independent. [

Question 20: Let f,g € F(R,R) be the functions defined by f(t) = " and g(t) = e*,
where r # s. Prove that f and g are linearly independent.
Xingjian’s Solution:

Proof. We prove this by contradiction. Assume that f and ¢ are linearly dependent. Then
there exist scalars a,b € R, not both zero, such that

ac™ +be® =0 for all t € R. ()
Evaluate (x) at ¢t = 0. Since "% = ¥ = 1, we obtain

a+b=0. (1)
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Now differentiate both sides of (%) with respect to t:
are™ +bse® =0 for all t € R.

Evaluating at ¢ = 0 again gives
ar +bs = 0. (2)

Thus (a,b) is a (nonzero) solution of the linear system
a+b=0,
ar +bs = 0.

£960-0)

A nontrivial solution (a, b) # (0,0) exists only if the determinant of the coefficient matrix

18 zero:
det(1 1)—1~s—1-7"—s—7“—0.
r s

In matrix form,

Hence s —r=10,s0r = s.
But this contradicts the assumption in the problem that r # s. O
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