MAS 4105 Solutions for Section 1.4

Question 1: Label the following statements as true or false.

(a) The zero vector is a linear combination of any nonempty set of vectors.

(b) The span of § is ().

(c) If S is a subset of a vector space V, then span(S) equals the intersection of all
subspaces of V that contain S.

(d) In solving a system of linear equations, it is permissible to multiply an equation by
any constant.

(e) In solving a system of linear equations, it is permissible to add any multiple of one
equation to another.

(f) Every system of linear equations has a solution.

Xingjian’s Solution: (a). True. Just pick any coefficient to be zero.

(b). False. By definition, span(f) is the set of all linear combinations of vectors in (.
The only linear combination you can form is the “empty” one, which is taken to be the zero
vector. Hence

span(()) = {0} # 0.

(c) True. Every subspaces of which S is a subset contains span(S) and span(S) is a
subspace.

(d) False. This action will change the solution of one system of linear equations.

(e) True.

(f) False. Some systems are inconsistent and have no solutions, e.g.

T = 17
T = 2.
So not every system has a solution.
Question 2: Solve the following systems of linear equations by the method introduced
in this section:

2331 — 21’2 — 3.173 =10
(a). 3ry — 39 — 203 + 0524 =7 (1)
ZEI—IQ—2$3—I4:—3.

Xingjian’s Solution:  First, eliminate x; using the third equation. Multiply the third
equation by 2 and subtract from the first:

2(xy — x9 — 203 — x4) = 2(—3) = 221 — 229 — 423 — 224 = —6.
Now
Eq; —2Eqs: (221 — 229 — 323) — (207 — 229 — 423 — 224) = 10 — (—6),

S0
x3 + 224 = 16. (1)
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Next, multiply the third equation by 3 and subtract from the second:
3(xy — xg — 223 — x4) = 3(—3) = 3z — 3xy — 623 — 314 = —O.
Then
Eqy, —3Eqs . (3xy — 3xe — 223 + bxy) — (327 — 3w9 — 623 — 324) =7 — (—9),

which gives
43+ 8ry =16 = a3+ 2x4=4. (11)

Equations (I) and (II) give
r3+2xy =16 and w3+ 2x4 =4,

which is impossible. Hence there is a contradiction and the system has no solution.

3.251 — 7.172 + 4.173 =10
(b) 1 — 2£L’2 +x3 = 3 (2)
21‘1 — Ty — 21‘3 =06.

Xingjian’s Solution:
From the second equation we express x; in terms of xo, x3:

Ty —2r9+23=3 = x1=3+42T9— T3.

Substitute this into the first and third equations.
For the first equation:

3x1 — Txe + 423 = 10,

3(3 4 2xy — x3) — Txs + 423 = 10,
9+ 629 — 3x3 — Tx9 + 423 = 10,
9 — 29 + 23 = 10,

SO
—J]2+I3:1 = 5(73:1+ZL‘2. (A)
For the third equation:

2ZE1 — T — 2ZE3 = 6,

2(3 + 21’2 — £C3) — To — 2£C3 = 6,

6+41’2—2$3—l’2—2$3 :6,

6 + 32y — 4x3 = 6,

hence

3372 — 4373 =0. (B)
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Now substitute (A) into (B):
3£E2—4(1+ZL‘2):0 = 3r3—4—4r,=0 = —{L‘Q—4:0,

SO
To = —4.

Then from (A),

Finally, use x1 = 3 + 2x5 — x3:
r1=3+4+2(—4)—(-3)=3-8+3=-2.
Therefore, the solution of the system is

(‘Tla I, x3> - (_27 _47 _3)

T1+2x —x3+14 =205
(). 1 +4ay —3x3 — 314 =06
2[)31 + 3%2 — T3 + 4ZL'4 = 8.
Xingjian’s Solution:

We perform the following equation operations:

Eq, < Eq, — Eqq, Eq; < Eq; — 2Eq;.

For the second equation:

(1‘1—{—41'2—3273—3234) — ($1+2$2—[L’3+!B4) :6—5,
(4xg — 2w9) + (—3xg + x3) + (=314 — 14) = 1,
21'2 — 2£C3 — 4.1'4 =1.

For the third equation:

(21’1 + 3132 — T3+ 41’4) — 2(1’1 + 2[L’2 — T3+ ZE4) =8 — 10,
(2.1'1 — 2$1) + (31’2 — 45[)2) + (-I’g + 21‘3) + (433'4 — 2%4) = —2,
—XT9 + T3 —f- 2ZE4 = —2

Hence, we obtain the equivalent system

T1 4+ 2T9 —x3+ 24 = 5,
2{23'2 —21'3 —41‘4 = 1,
—Z9 + T3 +2$4 = —2.
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Next, multiply the third equation by —2:
21’2 — 21‘3 — 41’4 =4.

Thus the system becomes
ZL‘1+2ZL‘2—ZE3+I4:5,
233‘2 — 2133 — 4LE4 = 1,
2[EQ — 2.273 — 4ZE4 =4.

The last two equations imply 1 = 4, which is a contradiction. Therefore, the system has
no solution.

1+ 229 + 213 =2
(d) 1+ 8.%3 + 5.1'4 =—0 (4)
x1+x2+5x3+5x4:3.

Xingjian’s Solution:
We subtract the first equation from the second and from the third to eliminate x;.
From Eqy; — Eqy:

(fL’l + 81[3 + 51‘4) — (581 + 21’2 + 21‘3) =—6— 2,
—21‘2 + 61’3 + 51’4 = —8.

From Eqs — Eq;y:

(:Ul + T2 + 5133 + 5$4) — (J?l + 2132 + 25173) =3 - 2,
—x9 + 313 + dry = 1.

Now solve (A) and (B) for x5 and z4 in terms of x3. From (B),
—Xo + 313+ 514 =1 = X9 =33+ d5xry — 1.
Substitute this expression for x5 into (A):

—2(3ZE3 + 51‘4 — 1) + 6233 + 51‘4 = —8,
—6x3 — 10z4 + 2 4 623 + dx4 = —8,
—bx4 + 2 = 8§,

SO
Sry=-10 = a4=2.

Then from (B),

—To+323+5:2=1 = —22+4+323+10=1 = 25=323+09.
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Finally, substitute x5 and x4 into the first equation:

T1 + 229 + 223 = 2,

x1 + 2(3x3 4+ 9) + 225 = 2,
r1 + 6x3 + 18 + 223 = 2,
1+ 8r3+ 18 = 2,

hence
Ty = —8ZE3 — 16.

Let t be a free parameter, with ¢ € R and ¢ = x3. Then the solution set is

(I1,$2,$3,$4) = (—8t - ].67 3t + 9, t, 2), teR.

T+ 209 —4xs — x4+ 25 =7

- + 1023 — 324 — 45 = 16
201+ 519 — b3 — 4wy — 15 = 2
4oy + 11lxy — T3 — 1024 — 205 = 7.

(e).

Xingjian’s Solution: Add the first equation to the second to eliminate xy:

Eq, +Eqy: (1 — 1) + 229 + (—4x3 + 1023) + (—24 — 324) + (x5 — 425) = 7+ 16,

SO
229 + 613 — 4x4 — 315 = 23.

Next, subtract 2 times the first equation from the third:
2Eq, © 27 + 4o — 8x3 — 224 + 2005 = 14.

Then

(A)

Eq;—2Eq; : (221 —2x1) + (bae —4xo) + (—5x3 +8x3) + (—4ws +224) + (—25 — 225) = 2— 14,

giving
Ty + 3x3 — 214 — 325 = —12.
Now subtract 2 times (B) from (A):

(A) —2(B):  (2x2 4 65 — 4xy — 3x5) — (222 + 623 — dxy — 625) = 23 — 2(—12).

The left-hand side simplifies to
(229 — 215) + (63 — 6x3) + (—4xy + 424) + (=325 + 625) = 375,

and the right—hand side is
23 + 24 =47,

(B)
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so we obtain
3xs = 47.

This implies a specific value x5 = 47/3. One can continue and check that, when we also
incorporate the fourth equation, the augmented matrix reduces to a row of the form

0=1,

i.e. a contradiction.
Therefore, the system is inconsistent and has no solution.

T + 229 + 623 = —1
201 + 290+ 23 =28
31+ x93 —x3 =15

Ty + 31y + 1023 = —5.

(f). (6)

Xingjian’s Solution: Use the first equation to eliminate x; from the others. From the
first equation,
1 = —1—2x9 — 623.

Substitute into the second:

2x1 +x9 + 23 =38,
2(—1 —2xy — 6x3) + 12 + 3 = 8,
—2 — 4wy — 1223 + 29 + 23 = 8§,
—2 —3x9 — 1123 = 8,
SO
—3x9 — 1123 = 10. (1)
Now substitute into the third:

311 + 19 — x3 = 15,
3(—1— 2z — 6x3) + 29 — x3 = 15,
—3 — 6x9 — 1823 + x5 — x3 = 15,
—3 — 519 — 19253 = 15,
SO
—bHx9 — 1925 = 18. (2)
Next, substitute into the fourth:

I + 3£L'2 + 1OZE3 = —5,
(—1 — 21’2 — 6133) + 35(?2 + 10.733 = —5,
—1 +.f172 +4$5 = —5,

SO
To+4xs=—4 = 19=—4—4uxs. (3)
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Substitute (3) into (1):
—3(—4 —4x3) — 113 =10 = 12+ 1225 — llag3 = 10 = 12+ 23 = 10 = 25 = —2.

Then from (3),
To= —4—4(—2) = —4+8=4.

Finally,
r1=—1—-209—6r3=—-1—-2-4—-6(—2)=—-1-8+12=3.
Thus the unique solution is
(21, 29, 23) = (3,4, —2).

Question 3: For each of the following lists of vectors in R3, determine whether the first
vector can be expressed as a linear combination of the other two.

(a)' (27 _17 0)7 (1a 2a _3)a (17 _37 2)
Xingjian’s Solution: we now determine whether

(2,—1,0) = a(1,2, —3) + b(1,—3,2)

for some a,b € R. This gives the system

a+b=2,
2a — 3b = —1,
—3a+ 2b=0.

Solving the first two equations yields @ = 1 and b = 1. Substituting into the third
equation gives
=3(1)+2(1) =-1#0,

which is a contradiction.
Therefore, (2, —1,0) cannot be expressed as a linear combination of (1,2, —3) and (1, —3, 2).

(b) (17 27 _3)7 (_37 27 1)7 (2a _17 _1)
Xingjgian’s Solution: We ask whether

(1,2,-3) = a(=3,2,1) + b(2, —1, —1).

This gives the system

—3a+2b=1,
2a — b =2,
a—b=—-3.

From the second equation, 2a — b = 2 = b = 2a — 2. Substitute into the third:

a—(2a—-2)=-3=—-a+2=-3=a=05.



MAS 4105 Solutions for Section 1.4

Then b = 2(5) — 2 =38.
Now check the first equation:

—3(5) +2(8) = —15+ 16 = 1,

so it is satisfied.
Thus
(1,2,-3) =5(-3,2,1) + 8(2,—1,—1),
so the first vector can be expressed as a linear combination.
(c). (3,4,1),(1,2,-1),(—-2,-1,1)
Xingjgian’s Solution: We ask whether

(3,4,1) = a(1,2,—1) + b(—2,—1,1).

So
a—2b=3,
2a — b =4,
—a+b=1.

Solve the first two equations. From a — 2b = 3 we get a = 3 + 2b. Substitute into
2a — b= 4:

2
23+20) ~b=4=6+4b-b=4=6+3D=4=3b=-2=b=—_.

Thena:3+2(—§):3—§:

5
3-
Now check the third equation:

7

— 41

_ h= —
a+ 3

W ot
Wl N

Contradiction. Hence there is no solution for a,b, and (3,4,1) cannot be expressed as a
linear combination of the other two.

(d). (=2,0,3),(1,3,0), (2,4, —1)

Xingjian’s Solution: We ask whether

(—2,0,3) = a(1,3,0) + b(2, 4, —1).

This yields

a+2b= -2,
3a+4b =0,
—-b=3.

From the third equation, b = —3. Substitute into the first:

a+2(-3)=—2=a—-6=-2=a=4.
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Check the second equation:
3(4)+4(-3)=12—-12 =0,

which is satisfied. Thus
(=2,0,3) = 4(1,3,0) — 3(2,4, —1),

so the first vector is a linear combination.
(e). (5,1,-5),(1,-2,-3),(—2,3,—4)
Xingjian’s Solution: We ask whether

(5,1,—5) = a(1, -2, —3) + b(—2,3, —4).

So
a—2b=75,
—2a+3b=1,
—3a — 4b = —5.

From the first equation, a = 5 + 2b. Substitute into the second:
—2(5+20)+3b=1=-10—-4b+3b=1=-10—-b=1=b=—11,

Then a =5+ 2(—11) =5—-22 = —17.
Check the third equation:

—3a —4b = —3(—17) — 4(—=11) = 51 + 44 = 95 # —5.

Contradiction. So there are no suitable a,b and (5,1, —5) cannot be expressed as a linear
combination of the other two vectors.

(f). (-2,2,2),(1,2,—1),(-3,-3,3)

Xingjian’s Solution: We ask whether

(=2,2,2) = a(1,2,—1) + b(—3, —3,3).

This gives
a—3b= -2,
2a — 3b =2,
—a+ 3b=2.

Subtract the first equation from the second:
(2a—3b) —(a—3b)=2—(-2)=>a=4
Then from a — 3b = —2 we get
4-3b=-2=-3b=—-6=0b=2.

Check the third equation:
—a+3b=—-4+6=2,
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which is satisfied. Thus
(—2,2,2) =4(1,2,—1) + 2(—3,-3,3),

so the first vector ¢s a linear combination.
Question 5: In each part, determine whether the given vector is in the span of S.
(a). (2,—1,1),S ={(1,0,2),(—1,1,1)}
Xingjgian’s Solution: We ask whether

(2,—1,1) = a(1,0,2) + b(—1,1,1).

So
a—b=2,
0-a+b=-1,
2a+b=1
From the second equation, b = —1. Then from the first,

a—(-1)=2=a+1=2=a=1
Check the third:
2(1)+ (1) =1,

so it holds. Hence (2, —1,1) is in span(95).
(b). (-1,2,1),S ={(1,0,2),(—1,1,1)}
Xingjian’s Solution: We ask whether

(—=1,2,1) = a(1,0,2) + b(—1,1,1).
This yields

a—b=-—1,
b=2,
2a +b=1.
From b = 2, the first equation gives a — 2 = —1 = a = 1. Then the third equation

becomes
2(1)+2=4#1.
Contradiction. So (—1,2,1) ¢ span(sS).
(¢). (-1,-1,1,2),S ={(1,0,1,-1),(0,1,1,1)}
Xingjian’s Solution: We ask whether
(—-1,-1,1,2) = a(1,0,1,—1) + (0,1, 1, 1).
This gives
a=—1,
=1,
a+b=1,
—a+b=2.
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From the first two equations, a = —1 and b = —1, so a + b = —2, which does not equal
1. Thus the system is inconsistent and the vector is not in the span:

(—1,-1,1,2) ¢ span(S).

(d). (2,-1,-1,3),8 = {(1,0,1,—1),(0,1,1,1)}
Xingjian’s Solution: We ask whether

(2,-1,-1,3) = a(1,0,1,—1) + (0, 1,1, 1).

So
a =2,
b= -1,
a+b=—1,
—a+b=3.

From a = 2 and b = —1, we get a + b = 1, which does not equal —1. Again we get a
contradiction. Thus
(2,—1,-1,3) ¢ span(S).

(e). —a3 + 2% + 3z + 3, S={*+2*+zr+ 1,22 +x+1,z+1}
Xingjian’s Solution: We check whether
—2® 4+ 22 + 32+ 3
lies in the span of
S={pi,py,p}={*+2*+o+1, 2> +2+1, v +1}.
We want
—23 4+ 222 4+ 32 4+ 3 = apy + bps + cps.

Write everything in the standard basis 1, z, 22, 23. Then
a(x* + 2 +x+1)+b@* +x+1)+c(z+1)

has coeflicients: .
x°:a,

z?:a+ b,
vt ia+b+c,
l:a+b+ec.

We match these with —1,2, 3, 3 respectively:

a=—1,
a+b=2,
a+b+c=3,

a+b+c=3.
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Froma = —1,weget —1+b=2=>b=3. Thena+b+c=—-1434+c=24c=3=c=1.
All conditions agree.
So
—23 +22% + 31 4+ 3 = —p; + 3pa + ps,

and the polynomial is in span(.S).
(f). 223 —2* + 2+ 3, S={*+2*+x+ 1,22 +z+ 1,z +1}
Xingjian’s Solution: Now check
22% — 22 + x4+ 3 = apy + bps + cps.
As above, the right—hand side has coefficients
(3, 2%, 2,1): (a, a+b, a+b+c, a+b+c).

We equate to (2,—1,1,3):

a=2,
a+b=—1,

a+b+c=1,

a+b+c=3.

From a =2 and a4+ b = —1 we get b = —3. Then a+b+c =1 implies 2 -3+ ¢ =
1= —1+c¢c=1= c= 2. But the constant term requires a + b + ¢ = 3, which would give
2—3+4+2 =1, not 3. Contradiction.

Therefore, 223 — 22 + z + 3 is not in span(S).

w0 (50 s {(C0ED0)

Xingjian’s Solution: We ask whether
1 2
- (4 )
1 0 0 1 11
=) o) o)

We seek a, b, ¢ with

is in the span of

aA+bB+cC =M.
Compute the left—-hand side:

_[a O 0 b c ¢\ _ f(a+c b+tc
N R N R G )

Set this equal to M:
at+c b+cy (1 2
—a b ] \-3 4)°
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Thus
a+c=1,
b+ c=2,
—a = —3,
b=4.

From —a = —3 we get a = 3, and from b = 4 we have b = 4. Then
at+c=1=3+c=1=c= -2,

and b+ ¢ =4+ (—2) = 2, which agrees.
So
M =3A+4B - 2C,

and M € span(S).

Xingjian’s Solution: Now check whether

()

is in the span of the same A, B, C.
Again, aA + bB + ¢C' has the form

atc b+ec
—a b ’

We want
a+c b+cy (1 0
—a b - \0 1/°
Hence
a+c=1,
b+c=0,
—a =0,
b=1.

From —a = 0 we get a = 0, and from b = 1 we have b = 1. Then a + c =1 gives ¢ = 1,
but b4+ ¢ =14 1= 2, which does not equal 0. Contradiction.

Therefore I ¢ span(sS).

Question 6: Show that the vectors (1,1,0),(1,0,1), and (0,1,1) generate F3.

Xingjian’s Solution: ~We must show that any vector (x,vy,2) € F3 can be written as a
linear combination of

Vi = (1, ].,O)7 Vo = (].,O, 1), V3 = (0, 17 1)
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Suppose
(x,y,2) =avy+bve+cvy=a(l,1,0) +b(1,0,1) + ¢(0,1,1).

Then
a(1,1,0) +b(1,0,1) + ¢(0,1,1) = (a + b, a + ¢, b+ c).
So we must solve
(a+b, at+c, b+c)=(z,y,2),

i.e.

a+b=ux,
a—+c=vy,
b+c=z.

Adding the first two equations and subtracting the third:
(a+b)+(a+c)—(b+c)=x4+y—z=2a=x+y— 2.
Assuming 2 is invertible in F, we get
rTt+y—=z
5 )

Then from a+b = z we have b = x — a, and from a + ¢ = y we get ¢ = y — a. Thus for every
(x,y, z), there exist a, b, c with

(x,y,2) = avy + bvy + cvs.

Hence {vi, v, v3} spans F3, i.e. these vectors generate F3.

Question 12: Show that a subset W of a vector space V is a subspace of V if and only
if span(W) = W

Xingjian’s Solution: We must show: for W C V, W is a subspace of V if and only if
span(W) = W.
(=) Assume W is a subspace of V. By definition, span(W) is the set of all finite linear
combinations of elements of W. Since W is a subspace, it is closed under addition and
scalar multiplication, so every linear combination of elements of W is still in W. Thus
span(IV) C W.

On the other hand, every w € W can be written as 1 - w, which is a linear combination
of elements of W, so w € span(W), and W C span(WW). Therefore span(W) = W.

(<) Now assume span(WW) = W. We know that span(1V) is always a subspace of V' (this is
a standard lemma: the span of any subset is a subspace). Since W = span(W), it follows
that W is also a subspace of V.

Thus, W is a subspace of V' if and only if span(W) = W.
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